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Fiber Reinforced Polymer (FRP) composites have been increasingly accepted in 
the construction industry as a promising substitute for steel. Bridge deck deterioration is 
one of the most common deficiencies in a bridge system. The use of FRP bars as 
reinforcement for concrete bridge decks provides a potential for increased service life, 
economic, and environmental benefits. This research presents the development of 
resistance models for concrete members (beams and slabs) reinforced with FRP bars 
(FRP-RC), for carrying out reliability analysis. The scope of this model is limited to the 
flexural behavior only; i.e. the failures are not shear failure and debonding. Probability of 
Failure, Pf, and Reliability Index, , of FRP-RC sections are calculated using the 
developed resistance model. A wide range of design variables is covered in calibrating 
the flexural design of FRP-RC members, using First Order Reliability Method (FORM). 
This study results in the development of resistance models for FRP-RC bridge decks and 
girders which can also be used as resistance models for FRP-RC slabs and beams 
respectively. Also, the flexural reliability study on FRP-RC slabs and beams yielded 
parameters that affect the Probability of Failure, fP , in terms of the Reliability Index, . 












1.1 General Background   
Fiber Reinforced Polymer (FRP) composite reinforcement has been accepted in 
the construction industry as a promising substitute for conventional steel reinforcement in 
the past decade. In the early 1990’s, the deteriorating state of the US infrastructure, 
particularly highway bridges due to corrosion (almost 40% of the highway bridges in the 
US are structurally deficient or functionally no longer in use (ASCE Report card 2005)), 
forced structural engineers to find alternative reinforcement types. The use of FRP 
composites as a replacement to steel reinforcement has proved to be a promising solution 
to this problem. FRP composites possess some outstanding properties such as: resistance 
to corrosion, good fatigue and damping resistance, high strength to weight ratio, and 
electromagnetic transparency. FRP has found an increasing number of applications in 
construction either as internal or as external reinforcement for concrete structures. 
It is well known that FRP possesses a major advantage over conventional steel 
in reinforcing concrete structures. Civil structures made of steel reinforced concrete are 
normally susceptible to environmental attacks that lead to the initiation of an 
electrochemical process which leads to the corrosion of steel reinforcement. Constant 
maintenance and repairing is needed to enhance the life cycle of those structures. Bridge 
deck deterioration due to direct exposure to environment, deicing chemicals and ever-
increasing traffic loads is one of the most common deficiencies in a bridge system. The 
use of FRP bars as an internal reinforcement for concrete bridge decks and also girders 
provides a potential for increased service life, economic, and environmental benefits.  
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As the name implies, FRP composites are materials made of fiber reinforcements, 
resin, fillers, and additives. The fibers exhibit high tensile strength and stiffness and are 
the main load carrying element. The resin offers high compressive strength and binds the 
fibers into a firm matrix. The additives help to improve the mechanical and physical 
properties as well as the workability of composites. The most common types of fibers 
used in advanced composites for structural applications are the glass (GFRP), aramid 
(AFRP), and carbon (CFRP). The GFRP is the least expensive but has lower strength and 
significantly lower stiffness compared to other alternatives. CFRP is the stiffest, most 
durable, and most expensive one. AFRP has improved durability and excellent impact 
resistance. FRP reinforcement is available in different forms such as; bars, grids, 
prestressing tendons, and laminates to serve a wide range of purposes.  This research 
work focuses on using FRP bars (Fig. 1.1) as an internal reinforcing material for concrete 
members (FRP-RC). In this present study, the data provided by FRP bar manufacturers is 
utilized to develop resistance models for FRP-RC structures. These resistance models are 
then used to calibrate the design of FRP-RC structures. 
 
Fig. 1.1: FRP bars 
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ACI committee 440 (ACI 440.1R-05) has developed a document to assist 
engineers in designing FRP-RC structures. Most of the research conducted so far on FRP 
bars as an internal reinforcement to concrete has been done in a deterministic manner 
ignoring statistical variations associated with the design variables. 
Reliability-based techniques are used to account for the randomness in variables 
affecting the flexural strength of FRP-RC members. The development of structural 
reliability methods during the last four decades has provided a more logical basis for 
developing structural design codes. The overall aim of structural reliability analysis is to 
quantify the reliability of structures under consideration of the uncertainties associated 
with the resistances and loads. This research work focuses on the reliability analysis of 
flexural behavior of FRP-RC members.  
Resistances of structures shall sufficiently surpass the corresponding load 
effects. Resistances and load effects are random variables containing some degree of 
uncertainty. Thus safety is usually expressed in terms of reliability index, , obtained 
from reliability analyses based on the theory of probability.  In order to conduct 
reliability analyses, load and resistance models should be set up, and their statistical 
parameters such as means and standard deviations are to be provided.  This research 
proposes a resistance obtained via Monte Carlo simulations for FRP-RC members. It 
calibrates the flexural design of FRP-RC members using a reliability-based technique. It 






Objectives of this project are: 
1. Calibrating the flexural design of FRP-RC members using a reliability-based  
      technique that accounts for the randomness in important design variables. 
2.  Analyzing the influence of different variables included in the flexural 
design of FRP-RC members on the Reliability Index, .     
1.3 Research Plan 
Project objectives are achieved through the following methodology: 
1. Collecting statistical information on commercially available FRP bars and other 
variables influencing the design process. 
2. Creating a pool of FRP-RC slab/deck and beam/girder designs that cover a wide 
range of design parameters. The pool is composed of a number of members (slabs 
and girders) with different FRP reinforcement ratios, thicknesses, widths, and 
concrete strengths. 
3. Performing Monte-Carlo simulations on each of the designed member (slabs and 
beams) and using the resulting randomly generated data set to develop a Resistance 
Model for the flexural capacity of FRP-RC members. 
4. Establishing a live load model for use in calibrating the flexural design of FRP-RC 
members. 
5. Determining the probability of failure of the designed sections and the reliability 
index, , by First Order Reliability Method (FORM) considering the Load Model 
for buildings. 
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6. Study the parameters involved in the design of FRP-RC members which affect the 
Reliability Index, , and thus the Probability of Failure. 
1.4 Scope of Study 
This research focuses exclusively on flexural behavior of concrete members 
(beams and slabs) and assumes that other modes of failure such as shear failure and bond 
failure do not control design.   
1.5 Organization 
In this chapter, an introduction to FRP bars and structural reliability is given. 
Also the overview of the project and this report is given. 
The literature on introducing composite materials to the construction industry 
and bond between FRP reinforcement and concrete is reviewed in Chapter 2. Also the 
flexural behavior and shear behavior of FRP-RC structures is reviewed. The design 
approaches being used for FRP-RC flexural members are studied. Finally, the 
experimental studies on FRP bars used as the main reinforcement are also reviewed in 
this chapter. 
The flexural behavior of FRP-RC members is analyzed analytically in Chapter 3 
using three methods namely: 
1. Simplified Expressions Recommended by ACI (ACI 440.1R-05),  
2. Detailed Closed-Form Expressions, and  
3. A Numerical Method based on a Layered-Section Analysis.  
The results obtained using these three methods are compared with the available 
experimental results with the goal of finding the most suitable analysis method for further 
studies in this chapter.  
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The development of a Resistance Model for FRP-RC flexural member is 
described in Chapter 4. The information about statistical characteristics of variables 
influencing the flexural design of FRP-RC member and sample design space is given in 
this chapter. The Monte-Carlo simulation technique used to develop these resistance 
models is also described. 
The Load Models for buildings are discussed in Chapter 5. The reliability of 
FRP-RC members is studied and the results obtained for different ratios of live load and 
dead load are given. The contribution of various parameters involved in the flexural 
design to the Reliability Index,  is also studied in this chapter.  
The research wok with conclusions and recommendations for future research is 
summarized in Chapter 6. 













2. LITERATURE REVIEW 
2.1 Introduction 
During the last decade, Fiber Reinforced Polymer (FRP) composites have been 
increasingly accepted in the construction industry as a promising substitute for steel. 
Civil structures made of steel reinforced concrete are normally susceptible to 
environmental attacks that lead to electrochemical corrosion of steel reinforcement, 
which leads to deficient structures, and in some cases failures. Constant maintenance and 
repair is needed to enhance the design life of those structures. Hence as recently as 1990s, 
an outstanding combination of the properties of FRP composites (corrosive resistance, 
good fatigue and damping resistance, high strength to weight ratio, and electromagnetic 
transparency) arose an interest in structural engineers. Many theoretical and experimental 
studies have been carried out to check the feasibility of using FRP to reinforce concrete 
structures.  
2.2 History of Fiber Reinforced Polymer Composites 
The concept of composite materials can be traced back to the use of straw as 
reinforcement in bricks used by ancient civilizations (e.g. Israelites and Egyptians in 800 
B. C.) (Tang 1997). Recently in the United States, short glass fiber reinforcement was 
used in the early 1930’s to reinforce concrete. FRPs are the latest version of this very old 
idea of making better composite material by combining two different materials (Nanni 
1999). After World War II, US manufacturers began producing fiberglass and polyester 
resin composites into vehicle hulls and redomes (radar cover). The automotive industry 
first introduced composites in early 1950’s and since then many components of today’s 
vehicles are being made out of composites. The aerospace industry began to use FRP 
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composites as lightweight material with acceptable strength and stiffness which reduced 
the weight of aircraft structures such as pressure vessels and containers. Today’s modern 
jets use large components made out of composites as they are less susceptible to fatigue 
than traditional metals. Other industries like naval, defense and sporting goods have since 
used advanced composite materials on a widespread basis. In the construction industry, 
the first application of composites was a dome structure built in Benghazi, Libya in 1968 
(Tang 1997), and other structures followed. Thus, FRP composites have emerged as an 
alternate reinforcing material. In the early 1990’s, the deteriorating state of the US 
infrastructure, particularly highway bridges due to corrosion (almost 40% of the highway 
bridges in the US are structurally deficient or functionally no longer in use (ASCE Report 
card 2005)) forced structural engineers to find alternative reinforcement. Parallel research 
was also being conducted on FRPs in Europe and Japan. In Europe, construction of 
prestressed FRP Bridge in Germany in 1986 was the beginning of use of FRP 
(International Federation for Structural Concrete). More than 100 commercial projects 
involving FRP reinforcement were undertaken in Japan (ACI Committee 440, 2001).  
Extended efforts on an international level brought design codes and guidelines for 
FRP reinforced concrete into existence. FRP design provisions were included in 
“Recommendation for Design and Construction of Concrete Structures Using Continuous 
Fiber Reinforced Materials,” Japan Society of Civil Engineers (JSCE) 1997. The 
Canadian Standards Association (CSA) published two documents related to the use of 
FRP, namely, CAN/CSA-S806-02, “Design and Construction of Building Components 
with Fiber-Reinforced Polymers”, (CSA 2002), and CAN/CSA-S6_00 “Canadian 
Highway Bridge Design Code” (CSA 2000). In Europe, civil engineers use FIP Task 
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Group 9.3 “FRP Reinforcement for Concrete Structures” (1999). The American Concrete 
Institute (ACI) presented general design recommendations for flexural concrete elements 
reinforced with FRP reinforcing bars in ACI 440.1R-01 (2001), “Guide for the Design 
and Construction of Concrete Reinforced with FRP Bars.” ACI also published other 
documents addressing other composite-related issues (e.g. Strengthening Using 
Composites (440.2R-02), Testing of Composite Materials (440.3R-04)). 
2.3 Properties of Composite Materials  
As the name implies, fiber reinforced polymer composites is a material made of 
fiber reinforcements, resin, fillers, and additives. The fibers exhibit very high tensile 
strength and stiffness and are the main load carrying element. The resin offers high 
compressive strength and binds the fibers into a firm matrix. The additives help to 
improve the mechanical and physical properties as well as the workability of composites. 
Fibers are selected based on the strength, stiffness, and durability required for the specific 
application. The environment, should the FRP be exposed, and the method by which the 
FRP is being manufactured influences the choice of resin. The most common types of 
fibers used in advanced composites for structural applications are the glass (GFRP), 
aramid (AFRP), and carbon (CFRP) (ACI 440.1R-01). The GFRP is the least expensive 
but has lower strength and significantly lower stiffness compared to other alternatives. 
One of the problems with GFRP is durability which means the degradation of FRP due to 
the environmental conditions in the surroundings of the FRP reinforcement. CFRP is the 
most durable, stiff, and expensive one. CFRP can withstand high sustained and fatigue 
conditions. AFRP has improved durability and excellent impact resistance. However, 
they are the least common in the construction industry. Resins used in FRP materials are 
 10 
either thermosetting or thermoplastic resins. Thermosetting resins are exclusively used in 
the construction industry. Epoxy and vinyl ester are the most commonly used resins for 
their durability and adhesion properties (Nanni 1999).  
2.4 Applications 
Applications of FRP in civil engineering can be broadly classified into three 
categories: applications for new construction, repair and rehabilitation applications, and 
architectural applications. Structural components such as columns and bridge decks, 
completely reinforced by FRP composites have shown excellent durability, and effective 
resistance to the environmental effects. FRP is also commonly used for the repair and 
rehabilitation of damaged or deteriorating structures. To strengthen damaged concrete 
members, FRP is introduced to the system to benefit from its superior tensile properties 
and hence improve their structural integrity. Architects have also been using FRP for 
many applications such as siding or cladding, roofing, flooring, and partition walls.  
2.5 Forms of FRP Reinforcement 
Concrete reinforcement is available in different forms to serve a wide range of 
purposes. In general, FRP bars (Fig. 2.1), grids and prestressing tendons are used for new 
construction applications.  
                                 
   Fig. 2.1: FRP Bars Produced by                                    Fig.: 2.2 SAFPLATE® Fiberglass 
Marshall Industries Composites, Inc                          Gritted Plate Produced by Strongwell          
 11 
Pre-cured laminates in the form of plates (Fig. 2.2) and shells are used in 
construction for the repairing of damaged structures. Since FRP materials do not corrode, 
concrete members reinforced with FRP are expected to exhibit longer service life and 
improved durability.  
FRP in the form of laminates (Fig. 2.3), externally bonded to reinforced concrete 
is becoming more and more common for rehabilitation and strengthening of RC 











Fig. 2.3: Structural strengthening with FRP laminates 
Near Surface Mounted (NSM) FRP rods are also used for repairing and upgrading 
of reinforced concrete structures. This technique becomes particularly attractive for 
flexural strengthening in the negative moment regions of slabs and girders where 
reinforcement could be subjected to the severe damage due to mechanical and 
environmental conditions (Lorenzis and Nanni 2002). 
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2.5.1 FRP Bars 
FRP reinforcing bars are similar to steel rebars in the shape and deformation 
patterns. They were not commercially available until the late 1970’s. Commercially 
available FRP bars (Fig. 2.4) have various types of cross sectional shapes i.e. square, 
round, solid, dog bone, and hollow. These bars have various deformation systems i.e., 
exterior wound fiber, sand coatings, and separately formed deformations.  FRP bars can 
be manufactured using various techniques such as pultrusion, braiding, and weaving 
(ACI Committee 440, 2001). 
 
Fig. 2.4: Commercially available FRP bar manufactured by V-ROD® 
2.5.1.1 Mechanical and Physical Properties of FRP Bars (ACI 440.1R-01) 
The mechanical properties of FRP bars are typically quite different from those of 
steel bars. The properties are dependent on the fiber type, but generally, FRP bars have 
lower weight, lower Young’s Modulus but higher strength than steel.  
FRP bars have density ranges from 77.8 to 131.3 lb/ft³, one sixth to one forth that 
of steel. The reduced weight eases the handling of FRP bars on the project site (ACI 
Committee 440, 2001).  
The longitudinal coefficient of thermal expansion is dominated by fiber 
properties, while the transverse coefficient is dominated by the resin.  
Table 2.1 lists the coefficient of thermal expansion for typical FRP bars and steel. 
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The tensile properties of FRP are what make them an attractive alternative to steel 
reinforcement. The tensile strength depends on the fiber-volume fraction, the rate of 
curing, and the manufacturing process. The tensile properties of a particular FRP bar 
should be obtained from the bar manufacturer. When loaded in tension, FRP bars do not 
exhibit any plastic behavior (yielding) before rupture. Table 2.2 gives the usual tensile 
properties of reinforcing bars. 
Table 2.2: Usual Tensile Properties of Reinforcing Bars 
  Steel GFRP CFRP AFRP 
          
Tensile Strength 70 to 100 70 to 230 87 to 535 250 to 368 
ksi ( MPa ) (483 to 690) (483 to 1600) (600 to 3690) (1720 to 2540) 
          
Elastic Modulus 29 5.1 to 7.4 15.9 to 84.0 6.0 to 18.2 
* 10³ ksi ( GPa) ('200) (35.0 to 51.0) (120.0 to 580.0) (41.0 to 125.0) 
 
The compressive modulus of elasticity of FRP reinforcing bars appears to be 
smaller than its tensile modulus of elasticity.  
FRP reinforcing bars subjected to a constant load over time can suddenly fail. 
This phenomenon is known as creep rupture. In general, carbon fibers are the least 
                                         CTE, X 10^-6/F ( X 10^-6/C)   
Direction Steel GFRP CFRP AFRP 
            
Longitudinal 6.5 (11.7) 3.3 to 5.6 -4.0 to 0.0 -3.3 to -1.1 
    (6.0 to 10.0) (-9.0 to 0.0) (-6 to -2) 
         
Transverse 6.5 (11.7) 11.7 to 12.8 41 to 58 33.3 to 44.4 
    (21.0 to 23.0) (74.0 to 104.0) (60.0 to 80.0) 
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susceptible to creep rupture, whereas aramid fibers are moderately susceptible, and the 
glass fibers are the most susceptible (ACI Committee 440, 2001). 
2.6 Review of Research Activities and Results 
2.6.1 Analytical Studies 
The use of FRP bars as tensile reinforcement in concrete structures has been a 
pressing issue since the early 1990s. Research activities have been carried out to study 
the behavior of FRP reinforced concrete structures.  
2.6.1.1 Composite Materials in the Construction Industry  
Ballinger (1990) presented the advantages and disadvantages for reinforcing 
concrete structures using composite materials. The advantages include high static and 
fatigue strength, resistance to chemicals, and versatility in the fabrication process while 
the disadvantages include high cost of material, low modulus of elasticity and possible 
plastic deformation under long term loads of composites in his study. He also gave 
methods of producing composites and applications of composites. Tegola (1998) 
compared the behavior of concrete beams or columns reinforced with non metallic bars to 
similar members reinforced with steel. In this paper some possible statistical distributions 
of actions for the verification at the Ultimate Limit state, and the statistical distribution of 
the sampled values, to be correctly used for the Service Limit State verifications, are 
evaluated. In another study by Nanni (1999), composite material properties, FRP forms 
suitable for concrete reinforcement, applications, installation procedure, and quality 
control are discussed. The actual FRP system is installed by sandwiching the dry fiber 
sheet between two layers of resin. After installing this system, hammer sounding and tap 
testing are the techniques used to find delaminations between the FRP and the substrate. 
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For some strengthening projects a final quality control step is performed by implementing 
a load test. Field applications for FRP composite bars as reinforcement for bridge decks 
are presented by El-Salakawy et al. (2002). Construction details and some results of static 
and dynamic tests for a new girder type concrete bridge, at the Municipality of Wotton 
(Quebec, Canada) are presented. They concluded that no obstacles are encountered due to 
the use of the FRP bars and the deflections of the bridge deck are well below AASHTO 
allowable limits. 
2.6.1.2 Bond between FRP Reinforcement and Concrete 
 A better understanding of the mechanical behavior of FRP reinforcements in 
particular bond behavior is needed in order to use them for practical purposes. Numerous 
tests are analyzed to better understand bond mechanisms and the influence of fiber type, 
outer surface (shape and type of matrix), and other significant parameters on bond 
performances in Cosenza et al. (1997).  Furthermore, the study was aimed at estimating 
the adequacy of two analytical models for the constitutive bond-slip relationship of FRP 
rebars; (1) the well known model by Malvar (1994), and (2) the model by Eligehausen et 
al. (1983). In another investigation by Esfahani et al. (2005), the results of an 
experimental study on bond strength of GFRP bars embedded in normal concrete and self 
consolidating concrete are presented. Different parameters such as type of concrete, bar 
situation in specimen, and cover thickness are studied. Based on the experimental results , 
the author concluded that the splitting bond strength of GFRP reinforcing bar was not less 
than that of steel bars, and also the bond strength of bottom GFRP reinforcing bars was 
almost the same for normal concrete and self consolidating concrete.  
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2.6.1.3 Flexural Behavior 
Flexure has been a widely studied issue. Plevris and Triantafillou (1994) aimed at 
developing a fundamental understanding of the time-dependant (creep and shrinkage) 
behavior of reinforced concrete beams strengthened with FRP laminates. An 
experimental program is also described confirming the analytical analysis. El-Mihilmy 
and Tedesco (2000) investigated the flexural behavior of reinforced concrete beams 
strengthened with externally bonded FRP laminates. A simple and direct analytical 
procedure for evaluating the ultimate flexural capacity of FRP strengthened concrete 
flexural members is given. Another investigation to find the methods for predicting 
deflections and crack widths in beams reinforced with GFRP bars is presented in Toutanji 
and Saafi (2000). Deflections and crack widths obtained from experimental results are 
compared with those obtained analytically.  
An experimental and analytical study on behavior of Carbon Fiber-based rods as 
flexural reinforcement was conducted by Thiagarajan (2003). The author concluded from 
the pull-out tests that bonding of CF rods is not a major concern and bond quality 
increases with bar size. Also CF rods have to undergo high strains to develop high 
stresses; hence, higher strength concrete is better suited for these beams. It was also 
concluded that the experimental crack widths are smaller than the crack widths predicted 
using the ACI 440 crack width equation. The study by Yost et al. (2001) evaluates the 
flexural performance of simply supported beams reinforced with a 2D fiber-reinforced 
plastic grid considering the main parameter as the amount of longitudinal FRP. 
Experimental results are compared with theoretical predictions calculated according to 
traditional steel-reinforced concrete procedures which conclude that flexural capacity can 
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be accurately predicted. In another investigation (Li and Wang 2002) introduced new 
Engineered Cementitious Composite (ECC) to replace brittle concrete matrix. 
Experimental results have shown that ECC beams exhibit significant increases in flexural 
performance in terms of ductility, load-carrying capacity, shear resistance, and damage 
tolerance compared with the counterpart high-strength concrete beam. Several 
researchers also studied the use of FRP to reinforce masonry structures. Unreinforced 
masonry (URM) buildings are vulnerable to earthquakes. Bajpai and Duthinh (2003) 
focused their research on strengthening and retrofitting of existing masonry walls with 
near mounted, non-corrosive fiber reinforced polymer bars. The research established the 
effectiveness of near surface mounted rods in strengthening concrete masonry walls and 
provides design guidelines for out-of-plane flexure and in-plane shear. 
2.6.1.4 Shear Behavior 
Chajes et al. (1995) focused on the effects of externally applied composite fabrics 
on the shear capacity of concrete beams. In their study, parameters such as, strength and 
stiffness of a variety of woven composite fabrics along with their orientation are studied. 
The use of NSM, FRP rods is a promising technology for increasing flexural as well as 
shear strength of deficient reinforced concrete structures. In a study by Lorenzis and 
Nanni (2002), tensile and bond tests are carried out on carbon FRP deformed rods for 
application as NSM reinforcement to strengthen beams in shear and the results are 
compared with the prediction of a simple design approach. In a recent study by 
Whitehead and Ibell (2005), an analytical approach to investigate the shear response of 
FRP reinforced and prestressed concrete has been developed based on equilibrium and 
compatibility across a shear discontinuity. Correlation between the analytical and 
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experimental results is better than predictions of current guideline provisions for 
prestressed concrete beams containing FRP reinforcement.    
2.6.1.5 Design Approaches 
Triantafillou and Antonopoulos (2000) described a simple design model for 
calculating the contribution of FRP sheets to the shear capacity of strengthened RC 
elements. It is demonstrated that the contribution of FRP sheets to shear capacity is 
typically controlled by the maximum effective strain. Newhook et al. (2002) conducted a 
parametric study on rectangular and T-sections to show that the design based on 
allowable strain in the FRP results in sections that exhibit large deformation before 
failure. Amy (2002) presented design methods for FRP strengthened concrete using 
sheets or NSM bars. Grace and Singh (2003) presented another design approach for 
bridge beams prestressed with carbon FRP bars. They examined the effect of the 
reinforcement ratio and the level of prestressing forces on the deflections and ultimate 
load carrying capacity of a double-T beam specimen. ACI Committee 440 (2001) 
provides recommendations for the design and construction of FRP reinforced concrete 
structures. ACI 440.1R-01 gives general information on the history and use of FRP 
reinforcement, material properties of FRP, and committee recommendations on the 
engineering of concrete reinforced with FRP bars.   
2.6.2 Experimental Studies 
There is a wide range of experimental research pertaining to the behavior of FRP. 
This review will be limited to research of flexural behavior of concrete members 
reinforced with FRP bars. It should be noted that comparing experiments by different 
researchers on the flexural behavior of concrete beams reinforced with FRP bars is not 
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always possible. This is due to the fact that each research team designed its own program; 
different material systems and reinforcement shapes and even the FRP production 
methods were different. Nonetheless, general conclusions could still be drawn. 
In experimental studies by Brown and Bartholomew (1993) and Tegola (1998), 
results of pull-out tests of the FRP bars in concrete specimen and bending tests of 
concrete beams reinforced with FRP bars are presented. In bending tests, tension cracks 
are initially formed in the center portion of the span and as the load is increased 
gradually, the cracks widen progressively. In pull-out tests, load was applied at a constant 
rate until the bond between the reinforcing bar and the concrete is broken. 
Saadatmanesh (1994) conducted an experimental study on the behavior of 
concrete beams reinforced with GFRP bars. A study encompassed reinforcement of 
GFRP bars and stirrups to two rectangular (205 * 450mm) and one T-beam with different 
reinforcement ratios. Each beam was simply supported on a clear span of 3.05 m and was 
subjected to four-point flexural testing as shown in Fig. 2.5.  
                            
                                                                 Fig. 2.5: Test setup 
Beam A failed by crushing of concrete at a load of 380 kN while beam B failed by FRP 
rupture at a load of 135 kN. Due to the fully elastic behavior of GFRP bars, substantial 
deflection recovery was observed on load removal. The elastic behavior of bars resulted 
in no distinct yield point on the load-deflection curve as it would be observed in case of 
steel bars. The results of tests performed on Beams A and B reinforced with GFRP bars 
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indicated that this type of bar has good potential as tensile reinforcement of concrete 
structures. The behavior of concrete beams strengthened with GFRP plates is also 
demonstrated in the study, and it is concluded that the success of this strengthening 
technique depends critically on the performance of the epoxy used.  
The effects of FRP reinforcement ratio and concrete strength on flexural behavior 
of concrete beams were investigated by Theriault and Benmokrane (1998). A series of 12 
concrete beams (130 mm wide, 180 mm high and 1800 mm long) reinforced with 
commercially available GFRP C-Bars were designed to fail by concrete crushing. The 
beams spanning 1500 mm were subjected to four point flexural testing and were 
instrumented to monitor deflection, crack width, and strain. The results of the 
investigation are summarized as follows. The effect of the concrete strength and the 
reinforcement ratio on crack spacing is negligible. For the same applied moment, a higher 
reinforcement ratio decreases the crack width and height. The stiffness of C-BAR-
reinforced concrete beam is independent of the concrete strength but increases with the 
reinforcement ratio. The ultimate moment capacity of the tested beams increases as the 
concrete strength and the reinforcement ratio increase, but this is limited by the concrete 
compressive failure strain of over reinforced concrete beams. The experimental strain 
distributions, the cracking pattern, the steady stiffness, and deflection recovery even after 
partial failure of the beam clearly demonstrate a good bond between C-BAR rods and the 
surrounding concrete.  
Aiello and Ombres (2000) tested nine concrete beams reinforced with 
commercially available AFRP bars in flexure to examine crack propagation, beam 
deflection, and strains. The beams were 150 mm wide, 200 mm high and 3100 mm long. 
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Three reinforcement ratios were used in the analysis. The span length of 2610 mm was 
used to test the beams in four-point bending, which were instrumented to monitor 
deflections at mid-span. For all tested beams, cracks in the flexural span were 
predominantly vertical. Under high loads, inclined cracks propagated towards the load 
points. A compression failure was observed for all tested beams. In this paper, theoretical 
models were used to calculate deflection and are based on moment-curvature relations. 
Finally, the serviceability behavior of flexural FRP reinforced concrete members by 
theoretical models is compared with available experimental results to focus on both the 
effectiveness of theoretical models and their applicability for design purposes.  
The research by Pecce et al. (2000) proved experimentally that the Bernoulli 
hypothesis (plane sections remain plane) is valid for concrete beams reinforced with FRP 
bars. The research was based on the experimental testing of three simply supported 
concrete beams. The cross-sectional dimensions were 500 mm wide, 185 mm high. The 
beams were tested using four-point loading for a span length of 3400 mm. The beams 
were reinforced by GFRP bars and were designed to have a dominant flexural behavior 
reducing the shear influence. Beams with less amount of FRP reinforcement showed 
lower stiffness. It is proved that the reinforcement amount can be important, not only for 
increasing the flexural capacity, but also for serviceability purposes.       
Ferreira et al. (2001) reported a numerical model for the analysis of concrete shell 
structures reinforced with FRP rebars. Experiments on concrete beams reinforced with 
FRP rebars are performed to analyze the accuracy of the predictions obtained by the 
numerical model. Three point bending tests of concrete beams using different 
reinforcement ratios were executed. The results obtained show the importance of the 
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rebar geometry on the structural behavior. Dog-bone sections yielded higher failure loads 
and delayed cracking when compared with circular sections.  
Kocaoz et al. (2004) studied tensile characterization of glass FRP bars. This paper 
reports tensile test results obtained on # 4 GFRP bars with different coatings which might 
have an effect on the tensile strength of FRP bar. The test data obtained were analyzed 
using a Statistical Data Analysis (SAS) software program after calculating Standard 
deviation and mean values for each bar type. After conducting normality tests, the 
authors concluded that the Gaussian distribution represents the tensile strength of FRP 
bars. 
2.7 Reliability Based Techniques 
The development of structural reliability methods during the last four decades 
have provided more logical basis for the design of structures. The overall aim of 
structural reliability analysis is to quantify the reliability of structures under consideration 
of the uncertainties associated with the resistances and loads. Resistances of structures 
shall sufficiently surpass the corresponding load effects. Resistances and load effects are 
random variables containing some degree of uncertainty. Thus safety is usually expressed 
in terms of reliability index obtained from reliability analyses based on the theory of 
probability.  In order to conduct reliability analyses, load and resistance models should be 
set up, and their statistical parameters such as means and standard deviations are to be 
provided. The study by Faber and Sorensen (2002) presents fundamental concepts of 
reliability based code calibration. It also describes a procedure for the practical 
implementation of reliability based code calibration of LRFD based design codes.  
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2.7.1 Reliability for Bridge Girders 
The flexural reliability of Reinforced Concrete Bridge Girders strengthened with 
CFRP laminates was investigated by Okeil et al. (2002). Their study relied on non linear 
analysis model that accounts for material nonlinearities and the condition at time of 
CFRP placement is developed to perform Monte Carlo simulations. This study showed 
that the reliability index of the strengthened cross sections is greater than that of the 
reinforced concrete structures and increases with CFRP ratio due to the fact that the 
manufacturing process of composite materials yields better statistical properties (bias and 
coefficient of variation) than steel. In another study, El-Tawil and Okeil (2002) used the 
same model for conducting bridge cross-section design and analysis. In this study, the 
design of prestressed concrete bridge girders flexurally strengthened with carbon FRP 
laminates based on current provisions in AASHTO-LRFD is discussed.  The reliability 
index of the designed bridges is calculated using the first-order reliability method. Monte 
Carlo simulations are performed and the resistance models are used to calibrate the 
flexural resistance factor to achieve a preset target probability of failure.  
2.7.2 Reliability for Bridge Decks 
Bridge decks are one of the main structural components that are most suitable for 
utilizing the advantages of FRP materials. Atadero et al. (2004) considered variation in 
material properties for FRP strengthened bridge decks in reliability analysis. Statistical 
analysis is conducted on the data sets of The Watson Wash Bridge (California) to assess 
the variation and the goodness-of-fit using commonly used distributions. This showed 
that lognormal distribution is the best descriptor for modulus, whereas the Weibull 
distribution is for the tensile strength of FRP. Based on these results, reliability analysis is 
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carried out in both the longitudinal and transverse directions using Monte-Carlo 
simulations. Jeong et al. (2005) suggested that the target reliability index for FRP bridge 
decks should be at least 7.0, approximately equal to a safety factor of 5.0 based on the 
results obtained from reliability analysis. He also recommended that the deflection limit 
on FRP bridge deck should be in the range of Span/600 to span/800.  
Based on this Literature Review, most of the research conducted so far on FRP 
bars as an internal reinforcement to concrete has been done in a deterministic manner 
ignoring statistical variations associated with the design variables. In this present study, 
the coupon test data obtained from FRP bar manufacturer and available experimental data 
in the literature are utilized to develop a Resistance Model for FRP-RC members that 
account for variability in material properties, fabrication and analysis method. Also Live 














3. ANALYSIS METHODS AND EXPERIMENTAL VERIFICATION 
3.1 Introduction 
In this chapter, the behavior of FRP-RC beams is analyzed theoretically. The 
nominal moment capacity of FRP-RC member is estimated using three analytical 
methods: 
1. Simplified Expressions Recommended by “Guide for the Design and Construction 
of Concrete Reinforced with FRP Bars” by ACI (ACI 440.1R-05) 
2. Detailed Closed-Form Expressions 
3. Numerical Method based on a Layered-Section Analysis 
The results from these analytical methods were compared with available 
experimental results from studies by Saadatmanesh (1994), Theriault and Benmokrane 
(1998), Aiello and Ombres (2000), and Pecce et al. (2000) for the purpose of determining 
the most accurate and appropriate analysis model. 
3.2 Analysis Methods 
3.2.1 Method 1: Simplified Expressions Recommended by ACI 440.1R-05 
The design of FRP-RC members for flexure is analogous to the design of steel-
reinforced concrete members. The flexural capacity of concrete members reinforced with 
FRP bars can be calculated based on assumptions similar to those made for members 
reinforced with steel bars. Both concrete crushing and FRP rupture are acceptable failure 
modes in governing the design of FRP-RC members provided that strength and 
serviceability criteria are satisfied. Assumptions in ACI Method are as follows: 
1. A plane section before loading remains plane after loading 
2. The maximum usable compressive strain in the concrete is assumed to be 0.003 
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3. The tensile strength of the concrete is ignored.  
4. The tensile behavior of the FRP reinforcement is linearly elastic until failure, and 
5. Perfect bond exists between concrete and FRP reinforcement 
6. A rectangular stress block is used for concrete in compression. 
The strength design philosophy states that the design flexural capacity of a 
member must exceed the flexural demand (Eq. 3-1).  
un MM ≥φ                                                                                                           (3-1) 
Design capacity refers to the nominal strength of the member multiplied by a strength 
reduction factor, and the demand refers to the load effects calculated from factored loads 
(for example, 1.2D+1.6L+ ----). 
The flexural capacity of an FRP reinforced flexural member is dependent on whether the 
failure is governed by concrete crushing or FRP rupture.  
Steps for finding the nominal flexural capacity of FRP-RC beam are as follows: 
1. Long term exposure to various types of environments can reduce the tensile 
strength, creep rupture, and fatigue endurance of FRP bars, hence, material 
properties used in design equations should be reduced based on the type and level 
of environmental exposure. Table 3.1 gives the environmental reduction factors. 
Table 3.1- Environmental Reduction Factors for different FRP Bars 
 
                                                                       
 
             
 
Exposure Condition Fiber Type Environmental 
    Reduction Factor CE 
  Carbon 1 
Concrete not exposed to earth  Glass 0.8 
and weather Aramid 0.9 
  Carbon 0.9 
Concrete exposed to earth and Glass 0.7 
Weather Aramid 0.8 
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            The design tensile strength should be determined by, 
  
*
fufu CEff =                                                                                                     (3-2) 
where, *fuf  is guaranteed tensile strength of FRP bar, and fuf  is the design tensile 
strength of FRP. 
2. Failure mode can be determined by comparing the FRP reinforcement ratio, fρ   
(Eq. 3-3) to the balanced reinforcement ratio, fbρ , which is the ratio where 
concrete crushing and FRP rupture occurs simultaneously, Fig. 3.1) (Eq. 3-4). 
 
Fig. 3.1- Balanced failure condition for Method 1 
           bd
A f
f =ρ                                                                                                         (3-3) 
where, fA  is FRP area, b and d are width and depth of concrete member.  Similar 
to steel-reinforced concrete beams, the balanced reinforcement ratio is given by, 
















185.0                                                                     (3-4) 
           where, '
c
f  is specified compressive strength of concrete, cuε  is ultimate strain in 
concrete, fE  is guaranteed modulus of elasticity of FRP, and 1β  is an 
equivalent rectangular stress block parameter taken as 0.85 for 4 ksi concrete. 
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 If fbf ρρ ≤ , FRP rupture failure mode governs. Otherwise, for beams with 
bff ρρ >  concrete crushing governs.                         
3. For fbf ρρ > , the failure of the member is initiated by crushing of the concrete, 
and the stress distribution in the concrete can be approximated with the ACI 
rectangular stress block (Fig. 3.2). Based on the equilibrium of forces and strain 
compatibility, the following equations can be derived. 
       
Fig. 3.2: Concrete crushing failure mode for Method 1 
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ρ                                                             (3-6) 
Where, ff is stress in the FRP reinforcement in tension, and nM  is nominal 
moment capacity of a member.  
4. For fbf ρρ ≤ , the failure of the member is initiated by rupture of FRP bar, 
and the ACI stress block is not applicable because the maximum concrete strain 
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(0.003) is not attained (Fig. 3.3). The analysis involving unknowns, concrete 
compressive strain at failure, , depth to the neutral axis, c, and rectangular stress 
block parameters 1 and 1 becomes complex.  
 
Fig. 3.3: FRP rupture failure mode for Method 1 
A simplified and conservative calculation of the nominal flexural capacity of the 
member can be based on the following Eqs. 3-7 and 3-8. 
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                                                                                      (3-8) 
Where, bc  is distance from extreme compression fiber to the neutral axis, and fuε  
is design rupture strain of FRP reinforcement 
5. The ACI guide recommends a conservative resistance factor,  for flexural 
calculations. 
=  0.55                         For  fbf ρρ ≤  





25.03.0 +     For fbffb ρρρ 4.1<<  
                 = 0.65                       For fbf ρρ 4.1≥  
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6. The design flexural capacity = nMφ  
3.2.2 Method 2: Detailed Closed-Form Expressions 
The expressions recommended by ACI 440 involve many approximations. In this 
method, more accurate expressions are derived for a rectangular section. The design 
equations are derived on the basis of the following conventional assumptions: 
1. A plane section before loading remains plane after loading 
2. The tensile strength of the concrete is ignored.  
3. The tensile behavior of the FRP reinforcement is linearly elastic until failure, and 
4. Perfect bond exists between concrete and FRP reinforcement 
5. Small deformations and no shear deformations 
6. Stress-strain curve for concrete is approximated by a parabolic expression. 
The analytical method employs strain compatibility, force equilibrium. Failure of 
a flexural member may occur by crushing of concrete or rupture of the FRP 
reinforcement.  
3.2.2.1 Compression Failure 
The member is said to be over-reinforced when failure is due to crushing of the 
concrete. Fig. 3.4 shows the strain and stress distribution at ultimate for an over-
reinforced section. The rectangular representation of the compressive stress block can be 
used since the ultimate strain in the concrete will be reached. 
The nominal moment resistance of over-reinforced sections is given by: 
CT














Fig. 3.4- Concrete crushing failure for Method 2 
The stress in the reinforcement at failure, ff  which has a very smaller value than fuf , is 



























βαε                                                                     (3-11) 
Failure by concrete crushing is considered to have occurred when the values of 
equivalent rectangular stress block parameters, 1 and 1, are taken equal to the familiar 
values of 0.85 similar to ACI approach (Method 1). 
3.2.2.2 FRP Rupture Failure 
Figure 3.5 shows the stress-strain distributions in a section at failure by rupture of 
the FRP reinforcement. Such a section is said to be under-reinforced. When a section is 
under-reinforced, the tensile reinforcement reaches its ultimate capacity. The strain in the 





f=ε . The corresponding strain ε  at the extreme 








Fig. 3.5- FRP Rupture failure mode for Method 2 
Thus, the analysis incorporates two unknowns, the concrete compressive strain at 
failure, , and the depth of the neutral axis, c. The distribution of compressive stress on 
the concrete cannot be idealized by the traditional rectangular block (Fig. 3.4) and 
therefore a concrete stress-strain curve must be chosen and used to calculate the 
equivalent stress block parameters 1 and 1. The parabolic stress-strain relationship for 
concrete proposed by Todeschini et al. (1964) and adjusted by MacGregor (1997) (Fig. 




   
  
                      
        
Fig. 3.6 Stress-strain curve for concrete 
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71.1ε                                                                                       (3-13) 
The mean stress factor, 1, converts the actual stress-strain relationship of concrete into a 
rectangular stress-strain equivalent (usually a value between 0-0.85). This parameter is 
calculated by equating the integral of the area under the stress-strain curve (Fig. 3.6) upto 
the maximum compressive strain of concrete, which may be less than cu. The integration 
is equated to the mean stress factor as follows: 
εα
ε
ε cc fdf '1
0
=                                                                           (3-14) 
































                                                                   (3-15) 
The concrete compressive force (C) acts at the centroid of the compressive zone, 
which is at a distance of (1c/2) from top extreme fiber of beam. The centroid of area 
under the concrete stress-strain curve and the centroid of the area of the rectangular stress 
block are same. Taking the first moment of area (Mo) yields: 
For the area under concrete stress-strain curve, 
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 dfM co                                                                  (3-16) 
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   (3-18)                                                                                                                                       
After calculating rectangular stress block parameters 1 and 1β , and the depth of neutral 
axis c, we can calculate the compressive force in concrete, C which is equal to the tensile 
force, T, in the FRP reinforcement. 
ffuf EAT ε=                                                                                                         (3-19) 











                                                                                                      (3-20) 
Steps for finding the nominal flexural capacity of a member: 
1. Assume a depth for the neutral axis c (c = 0.2d is a reasonable starting point) 
2. Calculate the concrete compressive strain at the top fiber,  










fuεε                                                                                                  (3-21) 
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3. Calculate the ratio of the depth of the equivalent rectangular stress block to the depth 
of the neutral axis, 1 using Eq. 3-18 
4. Calculate the ratio of the average concrete stress to the concrete strength, 1 using  
Eq. 3-15 
5. Calculate depth of neutral axis, c, using the equivalent rectangular stress block 
parameters as; 






=                                                                                             (3-22) 
      Through iteration, the neutral axis depth is calculated and then verified against the 
original assumption until convergence is achieved. 
6. Knowing the depth of neutral axis, c nominal flexural moment can be easily 
calculated using Eqs. 3-19 and 3-20. 
3.2.3 Method 3: Layered Section Analysis 
This computer program, MACS – Monotonic Analysis of Composite Sections 
was developed in the Visual Basic development environment, which offers the ability to 
develop a friendly graphical user interface, GUI, to investigate steel-reinforced concrete 
beams that are strengthened with externally-bonded FRP laminates (Okeil et al. 2002). It 
is capable of handling reinforced and prestressed concrete beams of various shapes. The 
program has been modified to handle FRP bars for this study. 
The program stores input data in files with extension  *.bdt and saves the analysis 
results in two output files; namely PD.dat and MPhi.dat. The former contains load-
maximum deflection data, while the latter stores the moment-curvature data. The input 
data includes cross section type, geometric and material properties of reinforcing FRP bar 
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 and concrete, span length of a beam and loading configurations. 
During the analysis the load-deflection and moment-curvature relationships are 
plotted and updated as the analysis proceeds. After the analysis is completed, detailed 
plots of load-deflection and moment-curvature relationships are displayed. The program 
also shows the moment and curvature values at cracking, FRP rupture, ultimate capacity 
of the cross section, failure type under positive and negative bending and the time spent 


















Fig. 3.7  Schematic of layered section approach 
 
3.3 Experimental Verification 
In this section, results from experimental studies by other investigators are used to 
verify the analytical methods described in the previous section. The verification also 
provides a quantification of the uncertainty inherent in these methods, which is of great 
importance for calibration studies.  
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3.3.1 Saadatmanesh (1994) 
 Two rectangular beams reinforced with GFRP bars and stirrups were tested in 
this study. Both beams were of identical properties except for different reinforcement 
ratios. Table 3.2 lists the dimensions of both specimens. Each beam was simply 
supported on a clear span of 3.05 m and was subjected to four-point flexural testing as 
shown in the Fig. 3.7. 
Table 3.2-Cross sectional properties of Verification Beams 1 and 2 
Verification  Specimen Width Effective Depth Height FRP Area 
Beam   b (mm) d (mm) h (mm) Af (mm²) 
1 A 205 405 455 1290 







Fig. 3.8 Flexural testing of rectangular test beams (Saadatamanesh 1994) 
 
The measured compressive strength of concrete used in the beams was 31.25 
MPa. The data on the mechanical properties of FRP re-bars were provided by the 
manufacturer. The mean tensile strength of FRP was 1179 MPa, with a standard 
deviation of 38.4 MPa. The mean and standard deviation for the modulus of elasticity for 
the GFRP bars were 54.2 and 8.82 GPa, respectively. Both beams A and B were loaded 
to failure in increments and after each load increment, deflection, strain in the GFRP bar 
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and extreme compression fiber of concrete at midspan were measured and plotted against 
the load. 
Verification Beam 1 failed by crushing of concrete at a load of 380 kN. Load-
deflection behavior of the beam was initially linear elastic until concrete cracked at a load 
of about 37 kN. Fig. 3.8 shows the experimental and the MACS program curves of load-
deflection behavior. Curve obtained by MACS program correlates well with the 
experimental curve in the initial stages of loading, up to 37 kN. As loading increased 
beyond 37 kN, the experimental results indicated larger deflections than the results 



















Exprimental, beam A (Saadatmanech 1994)
MACS Program
 
Fig 3.9-Plot of load-deflection results for Verification Beam 1 (Saadatmanesh 1994) 
Verification Beam 2 failed by FRP rupture at a load of 135 kN. The behavior of 
this beam was similar to Verification Beam 1. After concrete cracked at a load of 18 kN, 
the deflections increased until the beam failed. Fig 3.9 presents the comparison between 
























Fig. 3.10- Plot of load-deflection results for Verification Beam 2 (Saadatmanesh 1994) 
 
Table 3.3 lists the results obtained from different theoretical methods and experimental 
results. 
Table 3.3-Ultimate moment capacities of Verification Beams 1 and 2 
Verification Failure Experimental Method 1 Method 2 Method 3 
Beam  Mode  Mn,exp Mn,1 Mn, 2 Mn,3 
   (kN.m) (kN.m) (kN.m) (kN.m) 
1 Crushing 246.525 189.05 189.05 181.65 
2 Rupture 87.58 73.92 92.15 108.99 
 
3.3.2 Theriault and Bemmokrane (1998) 
Effects of FRP reinforcement ratio and concrete strength on flexural behavior of 
concrete beams were investigated by Theriault and Benmokrane (1998). A series of 
concrete beams reinforced with GFRP C-Bars (manufactured by Marshall Industries 
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Composites, Lima, Ohio) were designed to fail by concrete crushing. The beams 
spanning 1500 mm were subjected to four point flexural testing as shown in Fig. 3.10 and 
were instrumented with a linear variable differential transformer (LVDT) at midspan to 







Fig. 3.11-Schematic of test Set-up 
 
Table 3.4 lists the dimensions of specimens. 
 
Table 3.4- Cross sectional properties of Verification Beams 3 and 4 
Verification  Specimen Width Effective Depth Height FRP Area 
Beam   b (mm) d (mm) h (mm) Af (mm²) 
3 BC2NA 130 160 180 241.28 
4 BC2NB 130 160 180 241.28 
 
All rebars used were 12.3 mm in diameter. The tensile strength and modulus of 
elasticity of the rebars are 773 MPa and 38 GPa, respectively. The compressive strength 
of concrete was 53.1 MPa for the beams BC2NA and BC2NB. 
The load was applied incrementaly to the beam at a rate of 20 kN per increment 
by means of one 200 kN hyadraulic jack and was measured with a load cell. At the end of 
each step, a near midspan crack and midspan deflection is measured. 
Figure 3.11 shows a comparison between the moment-deflection results obtained 
experimentally and analytically using MACS for Verification Beam 3 (Theriault, 


































Initially beams were uncracked and stiff. With further loading, cracking occurred 
at the midspan. The load-deflection response in the postcracking stage was linear until the 
crushing of concrete. Finally the beam failed at the applied moment of 21.9 kN-m. 
Verification Beam 3 also showed a similar behavior. The comparison between the 



























Fig 3.13-Plot of applied moment-deflection results for Verification Beam 4 (Theriault, 
Benmokrane 1998) 
 
Table 3.5 presents a comparison between ultimate moments obtained from different 
theoretical methods and experimental study by Theriault and Benmokrane (1998). 
Table 3.5- Ultimate moment capacities of Verification Beams 3 and 4 
Verification Failure Experimental Method 1 Method 2 Method 3 
Beam  Mode  Mn,exp Mn,1 Mn, 2 Mn,3 
   (kN.m) (kN.m) (kN.m) (kN.m) 
3 Crushing 21.83 18.72 18.72 16.65 





3.3.3 Pecce et al. (2000) 
The research by Pecce et al. (2000) proved that the Bernoulli hypothesis (plane 
sections remain plane) can be experimentally verified. The research was based on the 
experimental testing of three simply supported concrete beams F1, F2, and F3 reinforced 
by GFRP bars where geometrical dimensions were designed to have a dominant flexural 
behavior reducing the shear influence. The span lengths of beams F1 and F2 were equal 
to 3400 mm and were loaded by two equal forces at 1200 mm for support as shown in 
Fig. 3.13 and 3.14. 
 
 




Fig. 3.15- Schematic of test Set-up of Verification Beam 6 
Table 3.6 lists the dimensions of both specimens. 
Table 3.6- Cross sectional properties of Verification Beams 5 and 6 
Verification  Specimen Width Effective Depth Height FRP Area 
Beam   b (mm) d (mm) h (mm) Af (mm²) 
5 F1 500 145 185 889 
6 F2 500 145 185 508 
 
The average concrete compressive strength is 30 MPa for both specimens. The 
nominal mechanical average characteristics are tensile strength of 770 MPa and 
longitudinal elasticity modulus of 42 GPa.  
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The tests were carried out using an electro hydraulic actuator in displacement 
control up to the failure of the beams. The applied load was measured by a load cell and 
deflection at the midspan by a displacement inductive transducer.  
Figure 3.15 represents comparison between Moment-curvature relationship of 






















(Pecce et al. 2000)
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Fig. 3.16- Plot of applied moment-curvature results for Verification Beam 5 (Pecce et al. 
2000) 
 
Verification Beam 5 failed at 57.63 kN.m by crushing of concrete, while the 
failure mode for Verification beam 6 was FRP rupture at 36.9 kN-m. Figure 3.16 
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compares the moment-curvature relationship for Verification Beam 6 obtained 
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Fig. 3.17- Plot of applied moment-curvature results for Verification Beam 6 (Pecce et al. 
2000) 
 
The load-deflection relationship for Verification Beams 5 and 6 are given in 
Fig.3.17 and Fig.3.18, respectively.  
For Verification Beam 5, the load-deflection curve obtained by MACS correlates 
well with the experimental curve. For Verification Beam 6, the analytical load-deflection 
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Fig. 3.19- Plot of load-deflection results for Verification Beam 6 (Pecce et al. 2000) 
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Flexural capacities of Verification Beams calculated by three methods are tabulated in 
Table 3.7 
Table 3.7- Ultimate moment capacities of Verification Beams 5 and 6 
Verification Failure Experimental Method 1 Method 2 Method 3 
Beam Mode   Mn,exp Mn,1 Mn, 2 Mn,3 
   (kN.m) (kN.m) (kN.m) (kN.m) 
5 Crushing 57.63 47.9 47.9 50.78 
6 Rupture 36.8 24.86 31.48 37.8 
 
3.3.4 Aiello and Ombres (2000) 
Aiello and Ombres (2000) cast nine concrete beams reinforced with AFRP rebars 
(manufactured by Sireg Co., Arcore, Italy) for flexural tests to examine crack 
propagation, beam deflection, and strains. Three reinforcement ratios were used in the 
analysis. The beam spanning 2610 mm was subjected to four-point bending as shown in 





Fig. 3.20- Schematic of test Set-up of Verification Beams 7, 8, 9 
Table 3.8 lists the cross-sectional properties of specimens. 
Table 3.8-Cross sectional properties of Verification Beams 7, 8, and 9 
Verification  Specimen Width Effective Depth Height FRP Area 
Beam   b (mm) d (mm) h (mm) Af (mm²) 
7 A 150 165 200 176.71 
8 B 150 165.2 200 265.07 
9 C 150 153.5 200 353.43 
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Average values of the tensile strength and modulus of elasticity of the rebars, 
determines by standard tensile tests, are 1506 and 50080 MPa, respectively. The average 
tensile strength of the concrete was 46.2 MPa. 
The load was applied gradually by means of a hydraulic jack and measured with a 
load cell. Crack formation and beam deflection were observed and recorded at each load 
step. Verification Beam 7 failed by crushing of concrete at a load of 52.50 kN. Fig. 3.20 
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Experimental (Aeillo et al. 2000)
BMACS
                             
Fig 3.21-Plot of load-deflection results for Verification Beam 7 (Aeillo et al. 2000) 
It should be noted that the reference did not report deflection results post what is shown 
in the Fig. 3.20 as the focus of the study was to investigate cracking. The deflection at 
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Fig 3.23-Plot of load-deflection results for Verification Beam 9 (Aeillo et al. 2000) 
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Analytical results using MACS program are in good agreement with the 
experimental results. Figs. 3.21 and 3.22 present comparison between experimental load-
deflection curve and curve obtained by MACS for Verification Beams 8 and 9, 
respectively.  
Table 3.9 show comparisons between results of the experimental analysis and those 
furnished from theoretical analysis. 
Table 3.9- Ultimate moment capacities of Verification Beams 7, 8, and 9 
Verification Failure Experimental Method 1 Method 2 Method 3 
Beam  Mode  Mn,exp Mn,1 Mn, 2 Mn,3 
   (kN.m) (kN.m) (kN.m) (kN.m) 
7 Crushing 22.84 20.78 20.78 20.18 
8 Crushing 23.59 24.62 24.62 23.69 
9 Crushing 28.13 24.52 24.52 28.13 
 
3.4 Conclusion 
In this chapter theoretical results obtained using three analytical methods are 
compared to available experimental results with the goal of identifying their ability to 
predict the flexural capacity of FRP-Rc flexural members.  
After calculating the ultimate moment capacities by Method 1, Method 2, Method 
3, column ‘b’, ‘c’, and‘d’ respectively of Table 3.10,  ratios of these moments with 
available experimental capacities is determined. The mean for all ratios is determined for 
three methods.  
For Method 3, the mean of ratios of Mn,3 and Mn,exp is 0.91567, for Method 1 and Method 
2, the means are 0.8484 and 0.8916, respectively. The means show clearly that results 
obtained by MACS computer program are in better agreement with experimental results 
than other two methods. 
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Table 3.10 gives the results obtained by three methods considered.   
Table 3.10- Ultimate moment capacities 
Verification                               Ultimate moment capacities  (kN.m)     
Beams a b b/a c c/a d d/a 
  Experimental 
Method 
1   
Method 
2   
Method 
3   
  Mn,exp Mn,1   Mn,2   Mn,3   
1 246.525 189.05 0.7668 189.05 0.7668 181.65 0.7368 
2 87.58 73.92 0.844 92.15 1.0521 108.99 1.2444 
3 21.83 18.72 0.8575 18.72 0.8575 16.65 0.7627 
4 20 18.72 0.836 18.72 0.836 16.65 0.8325 
5 57.63 47.9 0.8311 47.9 0.8311 50.78 0.8811 
6 36.8 24.86 0.6755 31.48 0.8554 38.7 1.0516 
7 22.84 20.78 0.9098 20.78 0.9098 20.18 0.8835 
8 23.59 24.62 1.0436 24.62 1.0436 23.69 1.0042 
9 28.13 24.52 0.8717 24.52 0.8717 23.75 0.8442 
Mean     0.84844   0.89156   0.91567 
 
Therefore, the Layered Section Analysis method will be used in this study to 












4. DEVELOPMENT OF RESISTANCE MODEL 
 
4.1 Introduction 
In this chapter, the resistance model is developed for FRP-RC slabs and girders. 
The resistance of a member is typically a function of material strength, section geometry, 
and dimensions. These quantities are often considered to be deterministic, while in reality 
there is some uncertainty associated with each quantity. Accounting for such 
uncertainties is achieved in three steps. First, the important variables, which affect the 
flexural strength of FRP-RC members, are identified. Second, statistical descriptors 
(mean, standard deviation, and distribution type) for all variables are found. A sample 
design space is then created considering different FRP reinforcement ratios, thicknesses, 
widths, and concrete strengths. Finally, Monte-Carlo simulations and comparison with 
experimental results are carried out to develop a resistance model that account for 
variability in material properties, fabrication and analysis method.  
4.2 Variables Affecting the Flexural Strength of FRP-RC Members 
As concluded in the previous chapter, Method 3 (MACS computer program) is 
chosen as the analysis method to calculate the nominal moment capacity based on the 
comparison with experimental results (Chapter 3). The input data required for Method 3 
includes cross sectional properties, geometric and material properties of reinforcing FRP 
bars, and concrete, which are the parameters that affect the flexural strength of FRP-RC 
members.   
Among all these properties, the member width, b, its height, h, effective depth, d, 
area of FRP reinforcement, Af, concrete compressive strength, f’c, modulus of elasticity 
for FRP, Ef, and FRP rupture strain, fuε  are dealt with as the random variables that affect 
 53 
the resistance of FRP-RC sections. For FRP-RC decks (slabs) b is treated as deterministic 
parameter equal to 304.8mm (1 ft) since a unit width is always used in the design. 
4.3 Statistical Characteristics of Random Variables 
4.3.1 Basic Parameters 
Data description using maximum and minimum values only is not sufficient. 
Additional parameters are needed to accurately describe the properties of the variable 
mathematically.  
1. Mean: This is the most likely value of the observations. For a random variable, X, 
the mean value, µX, is defined as  






1µ                                                                                                   (4-1) 
         where, n is number of observations, and Xi is the set of observations. 
2. Standard deviation: Standard deviation, X, estimates the spread of data from the 
mean and is calculated as 






















σ                                                                                       (4-2) 
3. Coefficient of Variation: Coefficient of variation, VX is calculated as 





=                                                                                                                (4-3) 
4. Bias: Bias,  is the ratio between the mean of the sample to the reported nominal 
value.  




µλ =                                                                                                                (4-4) 
         where, nX is the nominal value of variable. 
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In addition to these parameters, knowledge of the probability distributions (4.3.3) 
is also necessary to describe a variable.  
4.3.2 Basic Functions 
Any random variable is defined by its probability density function (PDF), )(xfX  
(Fig. 4.1) and cumulative distribution function (CDF), )(xFX (Fig. 4.2).  
The PDF (Eq. 4-5) is a mathematical expression that describes a random variable, 
X, over possible values of the population. The probability of X falling between a and b is 




X dxxfbXaP )()(                                                                                              (4-5) 
 
Fig 4.1 PDF of X 
A probability density function is everywhere non-negative and the summation of all 
probabilities over the entire design space is equal to 1; i.e. 100% probability. The 





                                                                        (4-6) 
X 
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The CDF describes the probability that the set of all random variables takes on a value 




xf XX =                                                                                                           (4-7)  
In general, PDFs are bell shaped while CDF functions are shaped like the letter S.                
 
Fig. 4.2 A graphical representation of the relationship between the PDF and the CDF 
 
4.3.3 Probability Distributions Used in this Study 
Any random variables can be specified using different types of distributions. This 
section gives the information about various distribution types used in this study.  
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4.3.3.1 Normal or Gaussian Distribution 
If a variable is Normally distributed then two quantities have to be specified: the 
mean, Xµ , which coincides with the peak of the PDF curve, and the standard distribution, 
X, which indicates the spread of the bell curve. The PDF for a normal random variable X 


































                                                                       (4-8) 
 
 
Fig. 4.3 Graphical representation of Normal Distribution 
There is no closed-form solution for the CDF of a Normal random variable but 
tables have been developed to provide values of the CDF for the special case in which 
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Xµ = 0 and Xσ  = 1(Nowak and Collins 2000). These tables can be used to obtain values 
for any general normal distribution. 
4.3.3.2 Lognormal Distribution 
The random variable X is a lognormal random variable (Fig. 4.4) if Y = ln(X) is 
normally distributed. )()( yFxF YX =  




































































Fig. 4.4 Graphical representation of Lognormal Distribution 
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4.3.3.3 Weibull Distribution (Extreme Event Type III) 
Two variations of the Weibull distribution exist, namely largest value and 
smallest value. In most civil engineering applications, the smallest value is used, where 


















































































Fig. 4.5 Graphical representation of Weibull Distribution 
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The relationships between the two weibull parameters m and oσ , and the mean and 





























=                                                                                          (4-14) 
where, [ ]Γ  is the gamma function. The PDF and CDF for Weibull distribution having 
m and oσ  equal to 8 and 950 respectively are shown in Fig. 4.5. 
4.3.4 Statistical Properties  
4.3.4.1 Geometric Properties (b, h, d, and Af)            
A review of the literature is performed to identify the statistical properties of 
random variables (Okeil et al. 2002, Nowak et al. 1994). The properties of b, h, d, and Af 
are well studied in the literature. The bias and coefficient of variation for these four 
variables are found to be in the range of 1.00 to 1.02 and 0.5 % to 7 % respectively. The 
bias of 1.0 and coefficient of variation of 3% is adopted in the present study for b, d, and 
h, while bias of 1.0 and coefficient of variation of 1.5% for Af. Based on the survey, these 
four parameters are assumed to have a Normal distribution.  
4.3.4.2 Concrete Compressive Strength 
Statistical properties of concrete are well documented and have been recently 
updated (Nowak and Szerszen 2003) in the effort to calibrate the ACI design code for RC 
buildings. In the current study, concrete statistical properties are adopted from the values 
reported in Nowak and Szerszen (2003), which reflects the most recent statistical 
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properties for concrete mixes in use today.  The bias and coefficient of variation for f’c is 
1.105 and 8.2 % respectively. The random variable describing the compressive strength 
of concrete, f’c, is assumed to be Lognormally distributed. 
Table 4.1 summarizes the statistical properties of these random variables used in 
this study.  
Table 4.1 Statistical Properties of b, h, d, Af and f’c            
Variable   Bias COV (%) Distribution 
Width b 1 3 Normal  
         Depth d, h 1 3 Normal  
Area of FRP Af 1 1.5 Normal  
Concrete strength f'c 1.105 8.2 Lognormal 
 
4.3.4.3 Tensile Strength of FRP Bars  
Data similar to those reported for other parameters is scarce for FRP bars. The 
study reported by Kocaoz et al. (2004) is limited to # 4 GFRP bar with four types of 
coatings and twelve specimens. This study suggests a mean of 1007 MPa and standard 
deviation of 47 MPa for the tensile strength of FRP. Therefore, it was necessary to 
develop such information based on experimental data reported by FRP bar manufacturers. 
Coupon test results for FRP bars of various diameters were obtained from an FRP bars 
manufacturer (Hughes Brothers). The results included the tensile strength, fuf , rupture 
strain, fuε , and modulus of elasticity, fE . The distribution of coupon test results is 
graphically summarized by histograms that show the spread of the data. Histograms of 
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Fig. 4.7 Histogram of tensile strength for #3 FRP bar 
Sample = 68 
Nominal Strength = 825 MPa 
Sample = 108 
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Fig. 4.9 Histogram of tensile strength for #5 FRP bar 
Sample = 71 
Nominal Strength = 690 MPa 
Sample = 73 
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Fig. 4.11 Histogram of tensile strength for #7 FRP bar 
 
Sample = 53 
Nominal Strength = 620 MPa 
Sample = 41 
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Fig. 4.13 Histogram of tensile strength for #10 FRP bar 
Since all three quantities ( fuf , fuε , and fE ) are correlated, a statistical 
analysis into the correlation of the results is needed. The correlation between the rupture 
Sample = 18 
Nominal Strength = 517 MPa 
Sample = 66 
Nominal Strength = 480 MPa 
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strain, fuε , and the tensile strength, fuf , is investigated and a correlation coefficient, 
fufuf ε


























= =                                                      (4-15) 
where n  is the number of samples in the data set for each bar diameter, fufµ  and fuεµ  
are the mean values for the FRP tensile strength and FRP rupture strain for each data set, 
respectively, and fufσ and fuεσ  are the standard deviation of the FRP tensile strength 
and FRP rupture strain for each data set, respectively. A coefficient of correlation was 
computed for each bar size, from which an average correlation coefficient of 0.7039 is 
determined. This correlation coefficient is used in generating the random variables for the 
Monte Carlo simulations discussed later in the study. Generating independent 
(uncorrelated) fuf and fuε can lead to unintended low or high moduli of elasticity. 
Based on the guaranteed tensile strength (nominal) as reported by the 
manufacturer, the bias coefficient, fufλ , and the coefficient of variation, fufV , for each 
bar diameter are computed using the nominal values and the experimental mean values 
(Eqs. 4-6 and 4-7). 
The statistical distribution of the FRP bar material is also investigated. Several 
distribution types were tested to determine the most appropriate statistical representation 
of FRP bar material. A Chi-square statistical test revealed that the Weibull distribution 
(Extreme Event Type III) can adequately represent FRP bar material properties for a 
significance level of 5%. This finding confirms the findings of previous research (Okeil 
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at al. 2000) for composite laminates. Table 4.2 lists the summary of the statistical 
properties of the analyzed FRP bars. In addition to the bias and coefficient of variation, 
the table also lists the two parameters describing the Weibull distribution, namely the 
shape parameter, m  and the scale parameter oσ .  
Table 4.2 Statistical Properties of FRP Bars 
Bar       Tensile Strength   Std Dev COV   
Size Mean Nominal Bias (Mpa) (%) m oσ  
  MPa MPa       Shape factor Scale factor 
# 2 905.88 825.00 1.10 121.51 13.41 8.91 957.05 
# 3 893.62 760.00 1.18 105.11 11.76 10.24 938.39 
# 4 856.62 690.00 1.24 92.05 10.75 11.27 896.04 
# 5 784.86 655.00 1.20 64.44 8.21 14.94 812.87 
# 6 756.61 620.00 1.22 54.69 7.23 17.06 780.50 
# 7 659.65 586.00 1.13 31.19 4.73 26.42 673.44 
# 8 587.05 550.00 1.07 24.18 4.12 30.43 597.77 
# 9 585.85 517.00 1.13 28.61 4.88 25.56 598.49 
# 10 528.92 480.00 1.10 43.86 8.29 14.79 547.79 
 
4.4 Sample Design Space 
Developing the resistance models for FRP-RC decks and girders require 
investigating a wide range of realistic parameters in the design space. In this study, such 
decks and girders are designed following the recommendations in the guidelines 
published by ACI Committee 440 (ACI 440.1R-05).  
4.4.1 Design Space for Decks (Slabs) 
As mentioned earlier in this chapter, the width, b, is considered as deterministic 
parameter for decks because of the way slab is designed. Four slab thicknesses, t , two 
concrete compressive strengths, 'cf , and five different reinforcement ratios, R 
( fbf ρρ / ), are covered in the study. Overall 40 decks are designed for this study.  The 
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designation of each of the designed decks indicates the parameters involved. For 
example, C4.0H4.0R0.8 refers to a slab having concrete compressive strength, C, equal to 
4 ksi (27.5 MPa), a thickness, H equal to 4 in (102mm) and an FRP reinforcement ratio 
equal to 80 % of the balanced FRP reinforcement ratio. 
4.4.2 Design Space for Girders (Beams) 
Two concrete compressive strengths, f’c, four different widths, b, four aspect 
ratios, A, and five different reinforcement ratios, R ( fbf ρρ / ), are covered in the 
study. Overall 160 girders are designed for this study. The designation of each of the 
designed girder indicates the parameters involved. For example, C4.0B10.0A1.0R0.8 
refers to a beam having concrete compressive strength, C, equal to 4 ksi (27.5 MPa), a 
width, B equal to 10 in (254 mm), an aspect ratio, A of 1.0 and an FRP reinforcement 
ratio equal to 80% of the balanced reinforcement ratio. 
It should be noted that the choice of varying the reinforcement ratio from a value 
of 0.8 to 1.6 of the balanced reinforcement ratio, fbρ , is intended to cover the range over 
which the design resistance factor, φ , is recommended to change according to ACI’s 
published guidelines (ACI 440.1R-05).  
4.5 Resistance Models for Flexural Capacity of FRP-RC Members 
As the flexural capacity of an FRP-RC member is a function of material and cross 
sectional properties, which are associated with some uncertainties, the resistance, MR, is 
also a random variable.  The possible sources of uncertainty in resistance can be divided 
into three categories:  
 Material properties (M): the uncertainties associated with material properties are 
uncertainties in the strength of the material, the modulus of elasticity, cracking 
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      stresses etc.  
 Fabrication (F): these are the uncertainties in the overall dimensions of the 
member which can affect the cross-sectional area, moment of inertia etc.  
 Analysis (P): the uncertainty resulting from approximate methods of analysis 
Each of these uncertainty sources has its own statistical properties; i.e. bias, coefficient of 
variation, and distribution type, which means that the mean value of the resistance model 
can be expressed as: 
PFMR nM
M µµµµ =                                                                                               (4-16)                                           
where µM,  µF,  µP  are the mean values of M, F, and P, respectively and nM  is the 
nominal capacity of member.  
Accordingly, the bias factor,
RM
λ , and the coefficient of variation, 
RM
V , describing the 
resistance model of RM , are given as: 
PFMM R
λλλλ =                                                                                                             (4-17)  
222
PFMM VVVV R ++=                                                                                                  (4-18)  
where M, F, and P are the bias factors and VM, VF, and VP are the coefficients of variation 
of M, F, and P respectively 
4.5.1 Uncertainties due to Analysis Method for All FRP-RC Members 
The accuracy of analysis method (Method 3) used in this study has been verified 
by comparing flexural strengths obtained experimentally and reported in the literature to 
those obtained analytically (Chapter 3). The same data from the verification is used to 
statistically describe the uncertainty of the analysis model by means of a bias, Pλ , and a 
coefficient of variation, PV  as shown in the Table 4.4 using Eqs. 4-19 and 4-20. It should 
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be noted that the ratio values listed in the table are the inverse of those reported in 






















COVV exp                                                                                                       (4-20) 
Based on the results in Table 4.4 and Eqs. 4-19 and 4-20, values of 1.12 and 15.65% are 
obtained for Pλ  and PV , respectively. 
Table 4.3 Determination of P and VP 
Flexural Capacity (kN.m) 
a b 
Experimental Method 3 Reference Specimen 
MR,Exp. Mn, 3. 
a/b 
A 22.8 20.2 1.13 
B 23.6 23.7 1 Aiello and Ombres (2000) 
C 28.1 23.8 1.18 
F1 57.6 50.8 1.13 
Pecce et al. (2000) 
F2 36.8 38.7 0.95 
A 246.5 181.7 1.36 
Saadatmanesh (1994) 
B 87.6 109 0.8 
Theriault and Benmokrane BC2NA 21.8 16.7 1.31 
(1998) BC2NB 20 16.7 1.2 
    Mean, P 1.12 
    Std. Dev. 0.18 
    COV, VP 15.67% 
 
The effect of model uncertainty, P, which is same for all sections will be combined with 
those due to material, M, and fabrication, F, (4.5.2 and 4.5.3) using Eqs. 4-17 and 4-18 
and Rλ and RV  is calculated for all members. 
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4.5.2 Uncertainties due to Material and Fabrication for FRP-RC Decks (Slabs) 
Monte Carlo simulations are performed to determine Mλ , Fλ  and MV , FV  in the 
same exercise by varying randomly generated values for material properties and 
dimensions simultaneously. A combined bias, MFλ , and coefficient of variation, MFV , 
resulted in from these simulations. The mean and standard deviation (Eqs. 4-4 and 4-5) of 
the flexural capacities computed by Method 3 (Chapter 3) for thousands of randomly 
generated data sets for each slab design case is obtained. The procedure for generating 
random numbers is explained in Appendix A. The flexural capacity of the same section 
computed using nominal material properties and dimensions is also obtained. The 
bias, MFλ , and coefficient of variation, MFV , is calculated using Eqs. 4-6 and 4-7 for all 
decks analyzed in this study. Table 4.3 lists the results of MFλ  and MFV  for all decks 
analyzed in this study. The bias, MFλ , and coefficient of variation, MFV  are plotted against 
FRP reinforcement ratio, fbf ρρ / , as shown in Figs. 4.14 and 4.15, respectively. 
A common trend can be seen for all cases (Figs. 4.14 and 4.15) and that is for 
underreinforced decks; i.e. reinforcement ratio of 0.8, the bias and the coefficient of 
variation is higher than for all other reinforcement ratios (1.0, 1.2, 1.4, and 1.6). Failure 
of underreinforced decks is governed by FRP rupture and hence the higher bias and 
coefficient of variation for the tensile strength of FRP compared to concrete compressive 
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Fig. 4.15 Plot of COV vs. FRP Reinforcement Ratio for FRP-RC slabs 
Investigation of the statistical distribution type of Resistance, MR is also required 
to define the resistance model.  All distribution types considered in this study are tested to 
determine the most appropriate statistical representation of the Resistance model. A Chi-
square statistical test (Appendix B) revealed that the distribution type which can 
adequately represent Resistance, MR, depends upon the reinforcement ratio considered for 
the slab.  
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Table 4.4 Material Properties and Fabrication descriptors for FRP-RC Decks ( MFλ , MFV  ) 
 
Flexural Capacity (kN.m.) Bias COV (%) 
# Slab 
Nominal Mean St Dev MFλ  MFV  
1 C4.0H4.0R0.8 6.322 7.616 0.699 1.20 9.18 
2 C4.0H4.0R1.0 7.775 8.629 0.637 1.11 7.38 
3 C4.0H4.0R1.2 8.677 9.299 0.629 1.07 6.76 
4 C4.0H4.0R1.4 9.170 9.873 0.641 1.08 6.49 
5 C4.0H4.0R1.6 9.607 10.314 0.671 1.07 6.50 
6 C4.0H6.0R0.8 16.719 19.835 1.768 1.19 8.92 
7 C4.0H6.0R1.0 20.308 22.432 1.619 1.10 7.22 
8 C4.0H6.0R1.2 22.546 24.162 1.610 1.07 6.66 
9 C4.0H6.0R1.4 23.811 25.615 1.638 1.08 6.39 
10 C4.0H6.0R1.6 24.960 26.836 1.750 1.08 6.52 
11 C4.0H8.0R0.8 32.242 37.803 3.348 1.17 8.86 
12 C4.0H8.0R1.0 39.479 42.671 3.069 1.08 7.19 
13 C4.0H8.0R1.2 42.872 46.020 3.126 1.07 6.79 
14 C4.0H8.0R1.4 45.331 48.734 3.194 1.08 6.55 
15 C4.0H8.0R1.6 47.464 51.074 3.333 1.08 6.53 
16 C4.0H10.0R0.8 52.526 61.520 5.463 1.17 8.88 
17 C4.0H10.0R1.0 61.641 69.377 5.095 1.13 7.34 
18 C4.0H10.0R1.2 69.828 74.815 5.014 1.07 6.70 
19 C4.0H10.0R1.4 73.699 79.183 5.217 1.07 6.59 
20 C4.0H10.0R1.6 77.314 83.071 5.418 1.07 6.52 
21 C5.0H4.0R0.8 7.849 9.221 0.735 1.17 7.97 
22 C5.0H4.0R1.0 9.492 10.244 0.685 1.08 6.69 
23 C5.0H4.0R1.2 10.290 11.006 0.692 1.07 6.28 
24 C5.0H4.0R1.4 10.864 11.617 0.723 1.07 6.22 
25 C5.0H4.0R1.6 11.390 12.162 0.748 1.07 6.15 
26 C5.0H6.0R0.8 20.721 23.949 1.949 1.16 8.14 
27 C5.0H6.0R1.0 24.753 26.657 1.802 1.08 6.76 
28 C5.0H6.0R1.2 26.745 28.569 1.771 1.07 6.20 
29 C5.0H6.0R1.4 28.228 30.212 1.892 1.07 6.26 
30 C5.0H6.0R1.6 29.561 31.619 1.939 1.07 6.13 
31 C5.0H8.0R0.8 39.948 45.647 3.667 1.14 8.03 
32 C5.0H8.0R1.0 46.760 50.762 3.405 1.09 6.71 
33 C5.0H8.0R1.2 50.948 54.392 3.445 1.07 6.33 
34 C5.0H8.0R1.4 53.883 57.509 3.622 1.07 6.30 
35 C5.0H8.0R1.6 56.395 60.246 3.716 1.07 6.17 
36 C5.0H10.0R0.8 65.049 74.310 5.971 1.14 8.04 
37 C5.0H10.0R1.0 75.941 82.359 5.450 1.08 6.62 
38 C5.0H10.0R1.2 82.684 88.596 5.512 1.07 6.22 
39 C5.0H10.0R1.4 87.305 93.480 5.778 1.07 6.18 
40 C5.0H10.0R1.6 91.572 97.975 5.979 1.07 6.10 
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For undereinforced sections (R = 0.8 and 1.0), failure is governed FRP rupture 
and hence Resistance, MR for all these cases can be represented by Weibull distribution. 
Overreeinforced sections fail by concrete crushing and, hence, the major 
parameters that influence the capacity of the cross section are the statistical properties of 
concrete. Hence for these sections MR is well represented by Lognormal distribution. Chi-
Square test results yielded that the MR of overreinforced sections is also represented by 
Normal distribution. Therefore, Normal distribution is chosen for overreinforced FRP-RC 
members as it is the basic and most important distribution in structural reliability theory.  
Sample example on the performance of Chi-Square test for FRP-RC slab, 
C4.0H8.0R1.6 is solved in Appendix B.  
4.5.2.1 Parametric Study 
The plots of bias and coefficient of variation vs. FRP reinforcement ratio, 
fbf ρρ /  are drawn to study the influence of the slab thickness, H, on bias and coefficient 
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Fig. 4.19 Plot of COV, MFV  vs. f for C=5 ksi for FRP-RC slabs 
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It can be clearly concluded from above plots that the thickness of member does 
not contribute to the bias and coefficient of variation, MFλ  and MFV .  
4.5.3 Uncertainties due to Material and Fabrication for FRP-RC Girders (Beams) 
The same method as used for decks is followed to quantify the uncertainties 
inherent in material and fabrication of FRP-RC girders. Table 4.5 lists the results of MFλ  
and MFV  for all girders analyzed in this study.  
The plots of bias, MFλ , and coefficient of variation, MFV  verses FRP reinforcement 
ratio, fbf ρρ / , for all girders as shown in Fig. 4.20 and 4.21 respectively confirms the 
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Table 4.5 Material Properties and Fabrication descriptors for FRP-RC Girders ( MFλ , MFV ) 
# Girder            Flexural Capacity (kN.m) COV (%) Bias 
    Nominal Mean StDev MFV   MFλ   
1 C4.0B10.0A0.5R0.8 186.693 221.483 19.832 8.954 1.186 
2 C4.0B10.0A0.5R1.0 220.756 250.132 18.736 7.491 1.133 
3 C4.0B10.0A0.5R1.2 251.094 269.589 18.711 6.940 1.074 
4 C4.0B10.0A0.5R1.4 265.371 284.847 19.825 6.960 1.073 
5 C4.0B10.0A0.5R1.6 278.531 299.784 20.433 6.816 1.076 
6 C4.0B10.0A0.67R0.8 101.351 121.324 10.964 9.037 1.197 
7 C4.0B10.0A0.67R1.0 125.116 137.256 10.133 7.382 1.097 
8 C4.0B10.0A0.67R1.2 137.703 147.768 10.311 6.978 1.073 
9 C4.0B10.0A0.67R1.4 145.407 156.559 10.798 6.897 1.077 
10 C4.0B10.0A0.67R1.6 152.434 163.820 11.227 6.853 1.075 
11 C4.0B10.0A1.0R0.8 42.725 51.236 4.572 8.924 1.199 
12 C4.0B10.0A1.0R1.0 51.969 57.837 4.305 7.443 1.113 
13 C4.0B10.0A1.0R1.2 58.175 62.349 4.314 6.919 1.072 
14 C4.0B10.0A1.0R1.4 61.420 65.905 4.473 6.787 1.073 
15 C4.0B10.0A1.0R1.6 64.334 69.117 4.708 6.812 1.074 
16 C4.0B10.0A2.0R0.8 9.128 10.841 0.968 8.927 1.188 
17 C4.0B10.0A2.0R1.0 10.997 12.253 0.931 7.599 1.114 
18 C4.0B10.0A2.0R1.2 12.328 13.212 0.925 7.002 1.072 
19 C4.0B10.0A2.0R1.4 13.015 14.006 0.953 6.803 1.076 
20 C4.0B10.0A2.0R1.6 13.630 14.677 0.989 6.740 1.077 
21 C4.0B14.0A0.5R0.8 484.570 578.350 47.233 8.167 1.194 
22 C4.0B14.0A0.5R1.0 583.500 650.191 43.191 6.643 1.114 
23 C4.0B14.0A0.5R1.2 655.745 702.332 42.383 6.035 1.071 
24 C4.0B14.0A0.5R1.4 692.302 743.975 43.326 5.824 1.075 
25 C4.0B14.0A0.5R1.6 724.229 778.768 45.920 5.897 1.075 
26 C4.0B14.0A0.67R0.8 289.338 343.126 31.019 9.040 1.186 
27 C4.0B14.0A0.67R1.0 309.173 350.279 23.349 6.666 1.133 
28 C4.0B14.0A0.67R1.2 353.226 378.483 23.179 6.124 1.072 
29 C4.0B14.0A0.67R1.4 373.107 399.945 23.652 5.914 1.072 
30 C4.0B14.0A0.67R1.6 389.847 419.329 24.744 5.901 1.076 
31 C4.0B14.0A1.0R0.8 127.050 146.897 13.057 8.888 1.156 
32 C4.0B14.0A1.0R1.0 148.822 165.879 12.671 7.639 1.115 
33 C4.0B14.0A1.0R1.2 166.721 178.934 12.513 6.993 1.073 
34 C4.0B14.0A1.0R1.4 176.474 189.492 13.218 6.975 1.074 
35 C4.0B14.0A1.0R1.6 184.634 198.770 13.485 6.784 1.077 
36 C4.0B14.0A2.0R0.8 27.098 32.765 2.941 8.977 1.209 
37 C4.0B14.0A2.0R1.0 33.127 37.042 2.761 7.454 1.118 
38 C4.0B14.0A2.0R1.2 37.152 39.969 2.775 6.942 1.076 
39 C4.0B14.0A2.0R1.4 39.295 42.262 2.892 6.844 1.076 
40 C4.0B14.0A2.0R1.6 41.203 44.334 2.998 6.762 1.076 
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Table 4.5 (continued) 
# Girder            Flexural Capacity (kN.m) COV (%) Bias 
    Nominal Mean StDev MFV  MFλ  
41 C4.0B18.0A0.5R0.8 1049.700 1264.264 105.548 8.349 1.204 
42 C4.0B18.0A0.5R1.0 1260.378 1429.283 95.945 6.713 1.134 
43 C4.0B18.0A0.5R1.2 1426.084 1538.508 91.889 5.973 1.079 
44 C4.0B18.0A0.5R1.4 1501.272 1626.889 95.182 5.851 1.084 
45 C4.0B18.0A0.5R1.6 1579.830 1706.159 100.019 5.862 1.080 
46 C4.0B18.0A0.67R0.8 620.652 687.088 56.905 8.282 1.107 
47 C4.0B18.0A0.67R1.0 720.584 774.629 51.162 6.605 1.075 
48 C4.0B18.0A0.67R1.2 777.977 836.257 51.044 6.104 1.075 
49 C4.0B18.0A0.67R1.4 822.229 884.872 52.413 5.923 1.076 
50 C4.0B18.0A0.67R1.6 860.932 927.134 54.385 5.866 1.077 
51 C4.0B18.0A1.0R0.8 267.872 319.845 28.778 8.998 1.194 
52 C4.0B18.0A1.0R1.0 280.703 320.317 21.946 6.851 1.141 
53 C4.0B18.0A1.0R1.2 323.001 346.419 20.875 6.026 1.072 
54 C4.0B18.0A1.0R1.4 341.658 367.025 21.968 5.985 1.074 
55 C4.0B18.0A1.0R1.6 357.270 384.314 22.705 5.908 1.076 
56 C4.0B18.0A2.0R0.8 61.913 73.074 6.667 9.124 1.180 
57 C4.0B18.0A2.0R1.0 76.020 82.843 6.210 7.496 1.090 
58 C4.0B18.0A2.0R1.2 83.240 89.298 6.171 6.911 1.073 
59 C4.0B18.0A2.0R1.4 87.910 94.578 6.588 6.965 1.076 
60 C4.0B18.0A2.0R1.6 92.251 99.022 6.700 6.766 1.073 
61 C4.0B22.0A0.5R0.8 1955.308 2248.604 187.286 8.329 1.150 
62 C4.0B22.0A0.5R1.0 2425.237 2626.532 195.834 7.456 1.083 
63 C4.0B22.0A0.5R1.2 2600.000 2792.400 178.267 6.384 1.074 
64 C4.0B22.0A0.5R1.4 2745.875 2962.799 177.531 5.992 1.079 
65 C4.0B22.0A0.5R1.6 2881.356 3097.458 182.254 5.884 1.075 
66 C4.0B22.0A0.67R0.8 1152.329 1285.747 106.362 8.272 1.116 
67 C4.0B22.0A0.67R1.0 1340.194 1449.760 97.261 6.709 1.082 
68 C4.0B22.0A0.67R1.2 1455.146 1563.902 95.635 6.115 1.075 
69 C4.0B22.0A0.67R1.4 1536.745 1657.770 95.230 5.744 1.079 
70 C4.0B22.0A0.67R1.6 1565.832 1681.704 96.950 5.765 1.074 
71 C4.0B22.0A1.0R0.8 475.549 536.131 46.427 8.660 1.127 
72 C4.0B22.0A1.0R1.0 554.922 607.233 42.644 7.023 1.094 
73 C4.0B22.0A1.0R1.2 614.358 651.357 40.195 6.171 1.060 
74 C4.0B22.0A1.0R1.4 647.875 695.530 41.444 5.959 1.074 
75 C4.0B22.0A1.0R1.6 678.911 729.770 43.315 5.935 1.075 
76 C4.0B22.0A2.0R0.8 114.735 138.254 12.295 8.893 1.205 
77 C4.0B22.0A2.0R1.0 129.078 146.269 11.658 7.970 1.133 
78 C4.0B22.0A2.0R1.2 141.895 152.986 11.814 7.722 1.078 
79 C4.0B22.0A2.0R1.4 147.500 156.197 8.822 5.648 1.059 
80 C4.0B22.0A2.0R1.6 154.540 157.280 8.940 5.684 1.018 
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Table 4.5 (continued) 
# Girder            Flexural Capacity (kN.m) COV (%) Bias  
    Nominal Mean StDev MFV  MFλ  
81 C5.0B10.0A0.5R0.8 221.638 267.675 21.307 7.960 1.208 
82 C5.0B10.0A0.5R1.0 256.500 297.415 20.210 6.795 1.160 
83 C5.0B10.0A0.5R1.2 268.629 286.627 16.415 5.727 1.067 
84 C5.0B10.0A0.5R1.4 283.634 303.350 16.872 5.562 1.070 
85 C5.0B10.0A0.5R1.6 297.262 317.227 17.375 5.477 1.067 
86 C5.0B10.0A0.67R0.8 125.719 146.775 11.902 8.109 1.167 
87 C5.0B10.0A0.67R1.0 150.061 162.774 11.027 6.775 1.085 
88 C5.0B10.0A0.67R1.2 164.005 174.611 11.463 6.565 1.065 
89 C5.0B10.0A0.67R1.4 172.892 184.904 12.215 6.606 1.069 
90 C5.0B10.0A0.67R1.6 181.152 193.277 12.554 6.495 1.067 
91 C5.0B10.0A1.0R0.8 55.082 61.817 4.933 7.980 1.122 
92 C5.0B10.0A1.0R1.0 63.613 68.608 4.876 7.107 1.079 
93 C5.0B10.0A1.0R1.2 68.890 73.589 4.866 6.613 1.068 
94 C5.0B10.0A1.0R1.4 72.855 77.929 5.018 6.439 1.070 
95 C5.0B10.0A1.0R1.6 76.352 81.598 5.305 6.502 1.069 
96 C5.0B10.0A2.0R0.8 11.318 13.106 1.080 8.240 1.158 
97 C5.0B10.0A2.0R1.0 13.636 14.560 1.019 6.998 1.068 
98 C5.0B10.0A2.0R1.2 14.636 15.617 1.038 6.646 1.067 
99 C5.0B10.0A2.0R1.4 15.460 16.523 1.085 6.565 1.069 
100 C5.0B10.0A2.0R1.6 16.195 17.307 1.126 6.505 1.069 
101 C5.0B14.0A0.5R0.8 602.000 695.527 52.105 7.491 1.155 
102 C5.0B14.0A0.5R1.0 703.333 772.663 47.282 6.119 1.099 
103 C5.0B14.0A0.5R1.2 777.623 829.454 46.976 5.664 1.067 
104 C5.0B14.0A0.5R1.4 820.050 877.898 48.623 5.539 1.071 
105 C5.0B14.0A0.5R1.6 859.921 918.238 51.337 5.591 1.068 
106 C5.0B14.0A0.67R0.8 329.400 373.845 28.204 7.544 1.135 
107 C5.0B14.0A0.67R1.0 379.715 415.713 25.624 6.164 1.095 
108 C5.0B14.0A0.67R1.2 416.007 446.464 26.012 5.826 1.073 
109 C5.0B14.0A0.67R1.4 441.346 471.845 26.280 5.570 1.069 
110 C5.0B14.0A0.67R1.6 462.716 494.377 27.405 5.543 1.068 
111 C5.0B14.0A1.0R0.8 147.440 177.573 14.012 7.891 1.204 
112 C5.0B14.0A1.0R1.0 172.562 197.208 13.465 6.828 1.143 
113 C5.0B14.0A1.0R1.2 192.239 210.924 14.218 6.741 1.097 
114 C5.0B14.0A1.0R1.4 203.594 223.495 14.913 6.673 1.098 
115 C5.0B14.0A1.0R1.6 213.021 233.991 15.359 6.564 1.098 
116 C5.0B14.0A2.0R0.8 32.980 39.596 3.197 8.074 1.201 
117 C5.0B14.0A2.0R1.0 38.278 43.999 3.016 6.854 1.149 
118 C5.0B14.0A2.0R1.2 43.280 47.150 3.128 6.635 1.089 
119 C5.0B14.0A2.0R1.4 45.978 49.816 3.282 6.589 1.083 
120 C5.0B14.0A2.0R1.6 48.000 52.274 3.292 6.297 1.089 
 
 79 
Table 4.5 (continued) 
# Girder            Flexural Capacity (kN.m) COV (%) Bias 
    Nominal Mean StDev MFV  MFλ  
121 C5.0B18.0A0.5R0.8 1317.800 1526.546 109.587 7.179 1.158 
122 C5.0B18.0A0.5R1.0 1545.273 1693.650 101.084 5.968 1.096 
123 C5.0B18.0A0.5R1.2 1697.623 1813.019 102.780 5.669 1.068 
124 C5.0B18.0A0.5R1.4 1745.910 1868.124 100.057 5.356 1.070 
125 C5.0B18.0A0.5R1.6 1834.370 1964.610 101.806 5.182 1.071 
126 C5.0B18.0A0.67R0.8 719.770 828.288 61.608 7.438 1.151 
127 C5.0B18.0A0.67R1.0 834.317 920.763 55.949 6.076 1.104 
128 C5.0B18.0A0.67R1.2 923.511 987.904 55.177 5.585 1.070 
129 C5.0B18.0A0.67R1.4 974.665 1043.802 58.000 5.557 1.071 
130 C5.0B18.0A0.67R1.6 1022.699 1093.231 61.921 5.664 1.069 
131 C5.0B18.0A1.0R0.8 296.236 342.003 25.878 7.567 1.154 
132 C5.0B18.0A1.0R1.0 345.152 381.868 23.460 6.143 1.106 
133 C5.0B18.0A1.0R1.2 384.044 409.651 23.919 5.839 1.067 
134 C5.0B18.0A1.0R1.4 405.465 432.628 24.238 5.602 1.067 
135 C5.0B18.0A1.0R1.6 424.033 453.346 25.271 5.574 1.069 
136 C5.0B18.0A2.0R0.8 73.092 88.514 7.164 8.093 1.211 
137 C5.0B18.0A2.0R1.0 83.826 98.300 6.946 7.066 1.173 
138 C5.0B18.0A2.0R1.2 95.973 105.633 7.018 6.643 1.101 
139 C5.0B18.0A2.0R1.4 102.003 111.550 7.228 6.480 1.094 
140 C5.0B18.0A2.0R1.6 107.208 116.990 7.509 6.418 1.091 
141 C5.0B22.0A0.5R0.8 2421.770 2786.520 196.944 7.068 1.151 
142 C5.0B22.0A0.5R1.0 2813.650 3084.726 175.522 5.690 1.096 
143 C5.0B22.0A0.5R1.2 3091.282 3312.100 169.360 5.113 1.071 
144 C5.0B22.0A0.5R1.4 3261.202 3501.756 179.020 5.112 1.074 
145 C5.0B22.0A0.5R1.6 3415.760 3662.084 189.550 5.176 1.072 
146 C5.0B22.0A0.67R0.8 1402.397 1551.877 115.270 7.428 1.107 
147 C5.0B22.0A0.67R1.0 1566.749 1722.040 104.208 6.051 1.099 
148 C5.0B22.0A0.67R1.2 1680.420 1802.126 94.368 5.236 1.072 
149 C5.0B22.0A0.67R1.4 1775.776 1902.053 98.462 5.177 1.071 
150 C5.0B22.0A0.67R1.6 1860.412 1991.788 103.334 5.188 1.071 
151 C5.0B22.0A1.0R0.8 587.012 650.032 49.228 7.573 1.107 
152 C5.0B22.0A1.0R1.0 674.953 724.498 43.366 5.986 1.073 
153 C5.0B22.0A1.0R1.2 727.401 777.695 45.050 5.793 1.069 
154 C5.0B22.0A1.0R1.4 766.397 821.335 45.422 5.530 1.072 
155 C5.0B22.0A1.0R1.6 804.032 858.233 48.128 5.608 1.067 
156 C5.0B22.0A2.0R0.8 135.000 151.381 13.676 9.034 1.121 
157 C5.0B22.0A2.0R1.0 141.437 162.741 9.622 5.912 1.151 
158 C5.0B22.0A2.0R1.2 152.582 166.663 9.351 5.611 1.092 
159 C5.0B22.0A2.0R1.4 161.225 172.205 9.561 5.552 1.068 
160 C5.0B22.0A2.0R1.6 168.726 180.424 10.041 5.565 1.069 
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The statistical distribution of the resistance, MR is investigated by performing Chi-
Square test. Similar to the previous conclusion for FRP-RC decks, it was found that the 
resistance of undereinforced girders is well represented by Weibull distribution while the 
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Fig. 4.21 Plot of COV vs. FRP Reinforcement Ratio for FRP-RC beams 
4.5.3.1 Parametric Study 
The bias and coefficient of variation, MFλ  and MFV vs. Aspect Ratio, A, and Width, 
b, are plotted for different FRP reinforcement ratios and different concrete compressive 
strengths. This is used to study which parameters contribute to the bias and coefficient of 
variation obtained through Monte-Carlo simulations.  The plots are shown in Figs. 4.22 to 
4.25. 
No common trend is found in Fig. 4.22 ((a) to (j)) and 4.23 ((a) to (j)). The 
bias, MFλ , and coefficient of variation, MFV , for FRP-RC beams does not vary much with 
the width, B, and hence it is concluded that the parameter, B, does not affect the bias, 
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(a) R = 0.8 and 'cf  = 4 ksi (b) R = 0.8 and 
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(c) R=1.0 and 'cf  = 4 ksi (d) R=1.0 and 
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(e) R=1.2 and 'cf =4 ksi (f) R=1.2 and 
'
cf =5 ksi 
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(g) R=1.4 and 'cf =4 ksi (h) R=1.4 and 
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(i) R=1.6 and 'cf =4 ksi (j) R=1.6 and 
'
cf =5 ksi 
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(a) R=0.8 and 'cf =4 ksi (b) R=0.8 and 
'
cf =5 ksi 
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(c) R=1.0 and 'cf =4 ksi (d) R=1.0 and 
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(e) R=1.2 and 'cf =4 ksi (f) R=1.2 and 
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(g) R=1.4 and 'cf =4 ksi (h) R=1.4 and 
'
cf =5 ksi 
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(i) R=1.6 and 'cf =4 ksi (j) R=1.6 and 
'
cf =5 ksi 
where, A is the Aspect Ratio, h / b and R is FRP reinforcement Ratio, fbf ρρ / . 
As concluded from the parametric study on FRP-RC slabs, thickness of slab, H 
does not contribute to the bias, MFλ , and the coefficient of variation, MFV . The effect of 
the aspect ratio, A (h/b) on the bias, MFλ , and the coefficient of variation, MFV , is also 











































(a) R=0.8 and 'cf =4 ksi (b) R=0.8 and 
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(c) R=1.0 and 'cf =4 ksi (d) R=1.0 and 
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(e) R=1.2 and 'cf =4 ksi (f) R=1.2 and 
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(g) R=1.4 and 'cf =4 ksi (h) R=1.4 and 
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(i) R=1.6 and 'cf =4 ksi (j) R=1.6 and 
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(c) R=1.0 and 'cf =4 ksi (d) R=1.0 and 
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(e) R=1.2 and 'cf =4 ksi (f) R=1.2 and 
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(g) R=1.4 and 'cf =4 ksi (h) R=1.4 and 
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(i) R=1.6 and 'cf =4 ksi (j) R=1.6 and 
'
cf =5 ksi 
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Thus, it is concluded that the beam cross-sectional properties such as width, b, 
and aspect ratio, A, do not affect the bias, MFλ , and the coefficient of variation, MFV . 
4.6 Conclusion 
A common trend can be seen for all FRP-RC decks and girders (Figs. 4.14 to 
4.17) and that is for underreinforced concrete members; i.e. reinforcement ratio, fbf ρρ /  
of 0.8, the bias and coefficient of variation is higher than for all other reinforcement 
ratios (1.0, 1.2, 1.4, and 1.6). 
The Resistance of FRP-RC decks and girders with reinforcement ratio less than or 
equal to balanced reinforcement ratio is well represented by Weibull (Extreme Event III) 
distribution, while the resistance of overeinforced FRP-RC members is by Normal 
distribution.  
Based on parametric studies over a wide range of variables, it is concluded that 
the cross-sectional properties of FRP-RC slabs and girders have no effect on the 
bias, MFλ , and coefficient of variation, MFV , obtained through Monte-Carlo simulations.  
Uncertainties inherent in the analysis method for FRP-RC beams and girders are 
quantified by  Pλ  and PV  equal to 1.12 and 15.65% respectively, based on a comparison 








5 RELIABILITY ANALYSIS AND RESULTS 
5.1 Introduction 
The risk of failure of any structure is often measured in terms of the Probability of 
Failure, Pf. Alternatively; the probability of survival is measured in terms of the 
Reliability Index, . Both quantities are related as will be seen later in this Chapter. The 
method for calculating the Reliability index, , is discussed and then reliability analyses 
are conducted for all FRP-RC slabs and beams used in buildings based on the resistance 
models developed in Chapters 4 and load model reported in the literature.  
5.2 Load Model for Buildings  
FRP-RC member dead load and live loads often existing in buildings are the two 
load categories considered in this study. These models have been developed by other 
researchers and are reported in the literature. Similar live load models for bridge decks 
are currently lacking and, hence, this reliability study will be limited to buildings. 
The dead load considered in design is the gravity load due to the self weight of the 
structure. The Literature Survey carried out to find the statistical properties of dead load 
has revealed that the dead load is typically treated as a normal random variable (Okeil et 
al. 2002, Nowak and Collins 2000). Because of the control over construction materials, it 
is assumed that our ability to estimate the total dead load, D, is more accurate than other 
load types. Most researchers (Okeil et al. 2002, Nowak and Collins 2000) assume a bias 
and coefficient of variation for dead load equal to 1.0 and 8 % to 10 % respectively. The 
bias, Dλ , of 1.0 and coefficient of variation, DV , of 10 % is adopted in this study.  
The live load, L, represents the weight of people and their possessions, furniture, 
movable equipments, and other non permanent objects. Usually, live load is idealized as a 
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uniformly distributed load for buildings. The area under consideration plays an important 
role in the statistical properties of live load. The magnitude of load intensity decrease as 
the area contributing to the live load increases. This is the maximum load intensity of LL 
and not the average intensity considered for the design life of 50 years. Based on the 
influence area (Nowak and Collins 2000) and the Literature Review performed (Okeil et 
al. 2002, Nowak et al. 1994), the bias factor, Lλ , of 1.0 and coefficient of variation, LV , 
of 18 % is assumed for this study. The Gumbel distribution (Extreme Event Type I) is 
assumed for the live load. Table 5.1 lists the biases, coefficient of variations and 
probability distributions adopted in this study.  
Table 5.1 Statistical Properties for Dead load and Live load 
Load Bias COV (%)  Distribution 
Dead 1 10 Normal 
Live 1 18 Ext. Evt. I 
 
5.3 Reliability Analysis 
The safety of a structural component depends on its resistance (supply) and load 
effects (demand), which can be expressed in terms of a limit state function; Z. The limit 
state function can be as simple as the difference between the random resistance of the 
member, R, and the random load effect acting on the member, Q.  
QRZ −=                                                                                                                       (5-1) 
If Z > 0, the structure is safe otherwise it fails. The term failure does not 
necessarily mean the catastrophic failure but is used to indicate that the structure does not 
meet the intended performance. Thus, the reliability of a structure is equal the probability 
that a structure will not fail to perform its intended function. The probability of failure, Pf, 
(Eq. 5-2) is equal to, 
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( ) ( )0Prob0Prob <=<−= ZQRPf                                                                             (5-2) 
Since R and Q are treated as random variables, the outcome Z will also be a 
random variable. In general, the limit state function can be a function of many 
variables nXXX ,,, 21 Λ , representing dimensions, material properties, loads and other 
factors such as analysis method. Accordingly, Z becomes;   
( )nXXXgZ ,....,, 21=                                                                                                     (5-3) 
A direct calculation of the probability of failure may be very difficult for complex 
limit state functions, and therefore, it is convenient to measure structural safety in terms 
of the Reliability Index, .  The relationship between the reliability index,  and the 
probability of failure, Pf,  is 
( )β−Φ=fP                                                                                                                   (5-4) 
where Φ ( ) is the CDF of the limit state function. Table 5.2 gives a clue of how  varies 
with Pf. 
 
Table 5.2 Relationship between Reliability Index,  and Probability of Failure, Pf 














5.3.1 Reliability Index,  
To establish a formal definition of , random variables will first be normalized by 
transforming them into their standard forms which is a nondimensional form of a 
variable. For the simple limit state function in Eq.5-1, the standard forms of the basic 
















=                                                                                    (5-5) 
where, RZ  and QZ  are called reduced variables and Rµ  and Qµ  are the means, and Rσ  
and Qσ  are standard deviations for variables R and Q, respectively. 
The limit state function ( ) QRQRg −=,  can be expressed in terms of reduced variables 
as follows; 
( ) ( ) QQRRQRQR ZZZZg σσµµ −+−=,                                                                          (5-6) 
For any specific value of ( )QR ZZg , , Eq. 5-6 represents a straight line in the space of 
reduced variables RZ  and QZ . The line ( ) 0, =QR ZZg separates the safe and failure zones 
in the space of reduced variables as shown in the Fig. 5.1. 
The reliability index, , is defined (Nowak and Collins 2000) as the shortest 
distance from the origin of the reduced variables to the line ( ) 0, =QR ZZg . This is the 
definition for a limit state function consisting of only two variables. The definition can be 
generalized for n variables as follows. For limit state function ( )nXXXg ,....,, 21 , the 
reliability index is the shortest distance form the origin in the n-dimensional space of 
reduced variables to the n-dimensional surface described by ( ) 0,.....,, 21 =nZZZg . 
where,   nZZZ ,.....,, 21  are the reduced variables for the random variables nXXX ,....,, 21 .  
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Several methods can be used to compute the shortest distance in such a general space. 
The First Order Reliability Method is utilized in this study and is described next. 
 
Fig. 5.1 Reliability Index defined as the shortest distance in the space of reduced 
variables (Nowak and Collins 2000) 
 
5.3.2 First Order Reliability Method (FORM) 
FORM is based on a first order Taylor Series expansion of the limit state function, 
which approximates the failure surface by a tangent plane at the point of interest. It is not 
always possible to find a closed form solution for a non-linear limit state function or a 
function including more than two random variables. Hence, to convert a non-linear limit 
state function into simple polynomials, Taylor series (Eq. 5-7) is used.  The expansion of 
a function, ( )Xf  at a certain point “a” is given by; 












' −++−+−+=                    (5-7) 
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FORM uses this expansion to simplify the limit state function, ( )nZZZg ,.....,, 21 by 
considering the expansion of the Taylor series after truncating terms higher than the first 
order. The expansion is done at the actual design point *X .   
The design point is a point on the failure surface ( )nZZZg ,.....,, 21  as shown in the Fig. 
5.2 for the case of two variables in a non-linear limit state function.  
 
Fig 5.2 Reliability Index evaluated at design point (Nowak and Collins 2000) 
 
To locate this point on the design space of ( ) 0,.....,, 21 =nZZZg , an iterative 
process is needed (Nowak and Collins 2000). For the convergence of a design point 
through iterative procedure requires solving of a set of (2n + 1) simultaneous equation 
with (2n + 1) unknowns, **2
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iα                                                                                                                   (5-10) 
iiZ βα=
*                                                                                                                       (5-11) 
( ) 0,,, **2*1 =nZZZg Λ                                                                                                     (5-12) 
where, iα  is a unit vector in the direction of a design point from the origin and 
*
iZ  is the 
design point in transformed space. Equation 5-12 is a mathematical statement of the 
requirement that the design point must be on the failure boundary.  
This procedure was derived with the assumption that the involved random 
variables are normally distributed. When the probability distributions for the variables 
involved in the limit state function are not normally distributed, it is required to calculate 
the “equivalent normal” values of the mean and standard deviation for each nonnormal 
random variable. To obtain the equivalent normal mean, eXµ , and standard deviation,
e
Xσ , 
the CDF and PDF of the actual function should be equal to normal CDF and normal PDF 
at the value of the variable *X on the failure boundary described by 0=g . 





































* 1                                                                                          (5-14) 
where, X is a random variable with mean Xµ  and standard deviation Xσ  and is described 
by a CDF )(XFX and a PDF ( )Xf X . And ( ).Φ  is the CDF for the standard normal 
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distribution and ( ).φ  is the PDF for the standard normal distribution. Expressions for eXµ  
and eXσ  can be obtained as follows: 
( )( )[ ]*1* XFX XeXeX −Φ−= σµ                                                                                       (5-15) 








−Φ= φσ                                                                                      (5-16) 
The basic steps in the iteration procedure (Nowak and Collins 2000) to obtain  are as 
follows: 
1. Formulate the limit state function. Determine the probability distributions and 
appropriate parameters for all random variables ( )niX i ,,2,1 Λ=  involved. 
2. Obtain an initial design point { }*iX  by assuming values for n-1 of the random 
variables. (Mean values are a reasonable choice.) Solve the limit state equation g 
=0 for the remaining random variable which ensures that the design point is on the 
failure boundary. 
3. Equivalent normal mean, eXµ and standard deviation, 
e
Xσ  is determined using Eqs, 
5-15 and 5-16 for design values corresponding to a nonnormal distribution. 














*                                                                                                    (5-17) 
5. Determine the partial derivatives of the limit state function with respect to the 
reduced variables.{ }G  is a column vector whose elements are the partial derivatives 
(Eq. 5-9) multiplied by -1. 
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∂−=                                    (5-18) 
6. Estimate of  is then calculated using the following formula. 
         
{ } { }































                                                     (5-19) 
7. The direction cosines for the design point to be used in the subsequent iteration are 
then calculated using 
     { } { }
{ } { }GG
G
T
=α                                                                                                (5-20) 
8. Determine a new design point for n-1 of the variables using 
      βα iiZ =
*                                                                                                          (5-21) 
9. Determine the corresponding design point values in original coordinates for the n-1 
values in Step 7 by 
    eXi
e
Xi ii
ZX σµ ** +=                                                                                               (5-22) 
10. Determine the value of the remaining random variable by solving the limit state 
function g = 0   
11. Repeat Steps 3 to 10 until  and { }*iX  converge. 
Appendix C demonstrates how this procedure is executed for one of the slabs 




5.3.3 Reliability Analysis of FRP-RC Slabs and Beams 
The LRFD design code specifies a strength equation in the following format. 
iQn QR i≥ γφ                                                                                                              (5-23) 
where, the nominal resistance of a structural member, nR , is often reduced by a resistance 
factor, φ , while the applied loads, iQ  , are increased by the load factors, iQγ . The values 
of φ  and 
iQ
γ  are set to ensure that members designed according to this design equation 
have a low probability of failure that is less than a small target value. The basic loads 
include dead load and live load. To evaluate the Reliability Index for the designed FRP-
RC slabs and beams, the limit state function consists of three random variables, flexural 
resistance, MR, applied bending moment due to dead load effect, MD, and applied bending 
moment due to live load effects, ML.  
( ) ( )LDRLDR MMMMMMg +−=,,                                                                          (5-24) 
Equation 5-24 represents the limit state function used in this study. The statistical 
properties of MR are obtained from the resistance models developed in Chapter 4, while 
the statistical properties of MD and ML for building loads are discussed earlier in this 
chapter.  
The load demands MD and ML are obtained by back-calculating them from the design 
equation in the current guidelines (ACI 440.1R-05). 
ResistnaceNominal*FactorResistanceLoadsFactored ≤   
ACInACIiQ MQi ,φγ =                                                                                                   (5-25) 
By assuming a certain LL to DL effect ratio, the load demand can be quantified. For 
example, in the case of equal LL and DL effect, the design equation; 
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ACInACILLDD MMM ,φγγ =+    
will result into 










== ,                                                                                         (5-27) 
Knowing ,,, ACILD φγγ  and ACInM , , DM  and LM  can be calculated using Eq. 5-27. In the 
current study, three LL to DL effect ratios are considered. ACI-318 Building Code 
suggests load factors Dγ  and Lγ  equal to 1.2 and 1.6 respectively for building loads. ACI 
Guidelines (ACI 440.1R-05) recommends a resistance factor, ACIφ , based on the FRP 
reinforcement ratio as given in the following Table 5.3. 
Table 5.3 Resistance Factors, ACIφ  
FRP R/F Ratio ACIφ  
fbf ρρ ≤  0.55 





25.03.0 +  
fbf ρρ 4.1≥  0.65 
 
where,  fbρ  is balanced FRP reinforcement ratio and fρ  is FRP reinforcement ratio. 
The reliability index,  is calculated for all FRP-RC slabs and beams following the steps 





5.4.1 Reliability Indices Obtained for FRP-RC Slabs 
Reliability indices,  calculated for FRP-RC slabs for various LL to DL ratios are 
tabulated in Table 5.4. 
A common trend can be seen for all FRP-RC slabs and that is the reliability index, 
, decreases from a reinforcement ratio, fbf ρρ / , of 0.8 to the cases of balanced 
reinforcement ratio, The Reliability Index, , then reaches a maximum value at 
reinforcement ratio, fbf ρρ / , of 1.2 before dropping at 1.4 fbρ  and settling for the cases 
with higher FRP reinforcement ratios: fρ =1.6 fbρ . This indicates a non-uniform 
reliability outcome if current guidelines (ACI 440.1R-05) are used for the design of FRP-
RC decks. Furthermore, to avoid FRP rupture mode of failure, a higher Reliability Index 
would be desired for FRP reinforcement ratios equal to or below 1.0.   
5.4.1.1 Parametric Study 
The effect of various parameters included in the study for FRP-RC slabs on the 
Reliability Index, , is studied for 1/ =DL MM . First parameter considered is concrete 
compressive strength, 'cf . The plot of Reliability Index,  vs. FRP Reinforcement ratio, R 
( fbf ρρ / ) is plotted for all slab thicknesses as shown in Fig. 5.3. 
It is observed in Fig. 5.3 that the reliability Index, , is slightly higher for 'cf = 5 
ksi FRP-RC slabs compared to 4 ksi FRP-RC slabs for all thicknesses. The figure clearly 
shows that the compressive strength of concrete has an influence on the reliability of 
FRP-RC slabs members. 
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Table 5.4 Reliability Indices for FRP-RC Slabs 
# Slab    
    5.0/ =DL MM   1/ =DL MM   2/ =DL MM  
1 C4.0H4.0R0.8 3.6422 3.5774 3.4980 
2 C4.0H4.0R1.0 3.5689 3.5013 3.4172 
3 C4.0H4.0R1.2 3.8771 3.8064 3.7136 
4 C4.0H4.0R1.4 3.7297 3.6541 3.5528 
5 C4.0H4.0R1.6 3.7130 3.6368 3.5348 
6 C4.0H6.0R0.8 3.6591 3.5957 3.5156 
7 C4.0H6.0R1.0 3.5771 3.5100 3.4251 
8 C4.0H6.0R1.2 3.8841 3.8134 3.7198 
9 C4.0H6.0R1.4 3.7319 3.6565 3.5553 
10 C4.0H6.0R1.6 3.7115 3.6355 3.5342 
11 C4.0H8.0R0.8 3.6634 3.5999 3.5197 
12 C4.0H8.0R1.0 3.5766 3.5095 3.4244 
13 C4.0H8.0R1.2 3.8725 3.8019 3.7085 
14 C4.0H8.0R1.4 3.7173 3.6416 3.5406 
15 C4.0H8.0R1.6 3.7106 3.6346 3.5331 
16 C4.0H10.0R0.8 3.6641 3.6004 3.5205 
17 C4.0H10.0R1.0 3.5692 3.5023 3.4173 
18 C4.0H10.0R1.2 3.8794 3.8088 3.7153 
19 C4.0H10.0R1.4 3.7119 3.6362 3.5351 
20 C4.0H10.0R1.6 3.7103 3.6342 3.5327 
21 C5.0H4.0R0.8 3.7209 3.6670 3.5874 
22 C5.0H4.0R1.0 3.6086 3.5412 3.4567 
23 C5.0H4.0R1.2 3.9166 3.8464 3.7517 
24 C5.0H4.0R1.4 3.7346 3.6786 3.6069 
25 C5.0H4.0R1.6 3.7295 3.6705 3.5903 
26 C5.0H6.0R0.8 3.7296 3.6565 3.5765 
27 C5.0H6.0R1.0 3.6089 3.5417 3.4572 
28 C5.0H6.0R1.2 3.9198 3.8485 3.7540 
29 C5.0H6.0R1.4 3.7325 3.6763 3.5845 
30 C5.0H6.0R1.6 3.7304 3.6641 3.5816 
31 C5.0H8.0R0.8 3.7204 3.6542 3.5842 
32 C5.0H8.0R1.0 3.6105 3.5437 3.4586 
33 C5.0H8.0R1.2 3.9096 3.8387 3.7445 
34 C5.0H8.0R1.4 3.7291 3.6731 3.5913 
35 C5.0H8.0R1.6 3.7281 3.6718 3.5904 
36 C5.0H10.0R0.8 3.7277 3.6646 3.5846 
37 C5.0H10.0R1.0 3.6108 3.5438 3.4585 
38 C5.0H10.0R1.2 3.9221 3.8512 3.7571 
39 C5.0H10.0R1.4 3.7384 3.6720 3.6002 
40 C5.0H10.0R1.6 3.7338 3.6705 3.5948 
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( C) h = 8 in (d) h = 10 in 
Fig. 5.3 Plot of  vs. fρ / fbρ  for different thicknesses for FRP-RC slabs 
The reliability index,  is plotted against FRP Reinforcement Ratio for different 
thicknesses of slabs and different concrete compressive strengths as shown in Fig. 5.4. As 
concluded earlier that the thickness, h of the FRP-RC slab does not influence the bias and 
coefficient of variation, and therefore it can also be seen that h has no clear effect on  
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cf = 4 ksi 
'
cf = 5 ksi 
Fig. 5.4 Plot of  vs. fbf ρρ /  for different 
'
cf for FRP-RC slabs 
Since, the Reliability Index, , is not affected by the thickness of slab, h, the 
average of all  values is calculated for all slab thicknesses with different conceret 
compressive strengths and different reinforcement ratios. Table 5.5 shows the average 
reliability indices. 
To make sure that the reliability study is carried over a realistic range of loading 
combinations, three LL to DL ratios, DL MM /  = 0.5, 1.0, and 2.0 are considered.  
Table 5.5 Average Reliability Indices for FRP-RC Slabs 
f'c FRP                               Reliability Index,  
ksi R/F Ratio  5.0M/M DL =  1M/M DL =   2M/M DL =   
4.0 0.8 3.6572 3.5934 3.5135 
  1.0 3.5730 3.5058 3.4210 
  1.2 3.8783 3.8076 3.7143 
  1.4 3.7227 3.6471 3.5460 
  1.6 3.7114 3.6353 3.5337 
5.0 0.8 3.7247 3.6606 3.5832 
  1.0 3.6097 3.5426 3.4578 
  1.2 3.9170 3.8462 3.7518 
  1.4 3.7337 3.6750 3.5957 
  1.6 3.7305 3.6692 3.5893 
 104 

















Fig. 5.5 Plot of  vs. DL MM /  for 
'

















Fig. 5.6 Plot of  vs. DL MM /  for 
'
cf = 5 ksi for FRP-RC slabs 
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A common trend of decreasing  with increasing DL MM /  ratio is observed. This 
is primarily due to the higher coefficient of variation, LV for live load compared to dead 
load. Higher DL MM /  ratios are unlikely to show a different trend and are uncommon in 
buildings.  
5.4.2 Reliability Indices Obtained for FRP-RC Beams 
Using the Resistance models developed in Chapter 4 for FRP-RC beams, 
reliability indices,  are computed following the steps in 5.3.2 for all beams designed in 
this study. As in the reliability study for FRP-RC beams, three DL MM /  ratios were also 
considered for beams. The results are tabulated in Table 5.6. 
Similar to FRP-RC slabs (Table 5.3), a very common trend is observed for all 
FRP-RC beams. And the trend is from reinforcement level 0.8 fbρ  to fbρ  (balanced 
reinforcement ratio),  decreases, then it reaches maximum value at reinforcement level 
of 1. 2 fbρ  and again it starts decreasing from reinforcement ratio of 1.2 fbρ  to 1.6 fbρ . 
This shows a non-consistent reliability outcome if current guidelines (ACI 440.1R-05) 
are used.  
5.4.1.1 Parametric Study 
The effect of various parameters such as, concrete compressive strength, 'cf , aspect ratio, 
A (h / b) , and beam width, b, on the Reliability Index,  is studied to find the 
contributing parameter for the case of  1/ =DL MM . Figure 5.7 shows the plots of  vs. 




Table 5.6 Reliability Indices for FRP-RC Beams 
# Beam    
     5.0M/M DL =  1M/M DL =   2M/M DL =   
1 C4.0B10.0A0.5R0.8 3.6583 3.5946 3.5146 
2 C4.0B10.0A0.5R1.0 3.5620 3.4951 3.4103 
3 C4.0B10.0A0.5R1.2 3.8608 3.7904 3.6973 
4 C4.0B10.0A0.5R1.4 3.6787 3.6151 3.5643 
5 C4.0B10.0A0.5R1.6 3.6908 3.6030 3.5525 
6 C4.0B10.0A0.67R0.8 3.6521 3.5885 3.5085 
7 C4.0B10.0A0.67R1.0 3.5688 3.5019 3.4171 
8 C4.0B10.0A0.67R1.2 3.8561 3.7857 3.6926 
9 C4.0B10.0A0.67R1.4 3.6909 3.6154 3.5650 
10 C4.0B10.0A0.67R1.6 3.6817 3.6058 3.5548 
11 C4.0B10.0A1.0R0.8 3.6602 3.5967 3.5165 
12 C4.0B10.0A1.0R1.0 3.5939 3.4969 3.4119 
13 C4.0B10.0A1.0R1.2 3.8622 3.7918 3.6986 
14 C4.0B10.0A1.0R1.4 3.6941 3.6183 3.5776 
15 C4.0B10.0A1.0R1.6 3.6839 3.6080 3.5668 
16 C4.0B10.0A2.0R0.8 3.6559 3.5916 3.5117 
17 C4.0B10.0A2.0R1.0 3.5549 3.4880 3.4029 
18 C4.0B10.0A2.0R1.2 3.8541 3.7845 3.6912 
19 C4.0B10.0A2.0R1.4 3.6979 3.6226 3.5626 
20 C4.0B10.0A2.0R1.6 3.6954 3.6190 3.5579 
21 C4.0B14.0A0.5R0.8 3.6572 3.5927 3.5110 
22 C4.0B14.0A0.5R1.0 3.5448 3.4767 3.3900 
23 C4.0B14.0A0.5R1.2 3.8729 3.8001 3.7031 
24 C4.0B14.0A0.5R1.4 3.7064 3.6283 3.5735 
25 C4.0B14.0A0.5R1.6 3.6874 3.6090 3.5636 
26 C4.0B14.0A0.67R0.8 3.6531 3.5912 3.5132 
27 C4.0B14.0A0.67R1.0 3.5261 3.4577 3.4006 
28 C4.0B14.0A0.67R1.2 3.8468 3.7935 3.6858 
29 C4.0B14.0A0.67R1.4 3.6715 3.6227 3.5668 
30 C4.0B14.0A0.67R1.6 3.6645 3.6154 3.5592 
31 C4.0B14.0A1.0R0.8 3.6608 3.5973 3.5171 
32 C4.0B14.0A1.0R1.0 3.5534 3.4865 3.4017 
33 C4.0B14.0A1.0R1.2 3.8550 3.7846 3.6915 
34 C4.0B14.0A1.0R1.4 3.6836 3.6167 3.5678 
35 C4.0B14.0A1.0R1.6 3.6925 3.6081 3.5558 
36 C4.0B14.0A2.0R0.8 3.6553 3.5919 3.5117 
37 C4.0B14.0A2.0R1.0 3.5636 3.4968 3.4118 
38 C4.0B14.0A2.0R1.2 3.8626 3.7923 3.6993 
39 C4.0B14.0A2.0R1.4 3.6710 3.6188 3.5681 
40 C4.0B14.0A2.0R1.6 3.6630 3.6172 3.5556 
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Table 5.6 (contd.) 
# Beam    
     5.0M/M DL =  1M/M DL =    2M/M DL =  
41 C4.0B18.0A0.5R0.8 3.6564 3.5921 3.5109 
42 C4.0B18.0A0.5R1.0 3.5637 3.4960 3.4099 
43 C4.0B18.0A0.5R1.2 3.8957 3.8234 3.7270 
44 C4.0B18.0A0.5R1.4 3.7195 3.6411 3.5776 
45 C4.0B18.0A0.5R1.6 3.7101 3.6322 3.5677 
46 C4.0B18.0A0.67R0.8 3.6455 3.5809 3.5093 
47 C4.0B18.0A0.67R1.0 3.5474 3.4793 3.3926 
48 C4.0B18.0A0.67R1.2 3.8670 3.7942 3.6973 
49 C4.0B18.0A0.67R1.4 3.6947 3.6165 3.5716 
50 C4.0B18.0A0.67R1.6 3.6894 3.6109 3.5605 
51 C4.0B18.0A1.0R0.8 3.6709 3.6092 3.5215 
52 C4.0B18.0A1.0R1.0 3.5287 3.4900 3.4026 
53 C4.0B18.0A1.0R1.2 3.8330 3.8191 3.6904 
54 C4.0B18.0A1.0R1.4 3.6909 3.6216 3.5652 
55 C4.0B18.0A1.0R1.6 3.6859 3.6163 3.5593 
56 C4.0B18.0A2.0R0.8 3.6411 3.5773 3.5172 
57 C4.0B18.0A2.0R1.0 3.5467 3.4795 3.4143 
58 C4.0B18.0A2.0R1.2 3.8625 3.7920 3.6989 
59 C4.0B18.0A2.0R1.4 3.6839 3.6119 3.5682 
60 C4.0B18.0A2.0R1.6 3.6879 3.6086 3.5601 
61 C4.0B22.0A0.5R0.8 3.5884 3.5829 3.5202 
62 C4.0B22.0A0.5R1.0 3.5136 3.5048 3.4198 
63 C4.0B22.0A0.5R1.2 3.8208 3.8076 3.7100 
64 C4.0B22.0A0.5R1.4 3.6705 3.6319 3.5863 
65 C4.0B22.0A0.5R1.6 3.6630 3.6238 3.5774 
66 C4.0B22.0A0.67R0.8 3.6568 3.5924 3.5110 
67 C4.0B22.0A0.67R1.0 3.5542 3.4863 3.4099 
68 C4.0B22.0A0.67R1.2 3.8770 3.8053 3.7088 
69 C4.0B22.0A0.67R1.4 3.6925 3.6472 3.5827 
70 C4.0B22.0A0.67R1.6 3.6768 3.6266 3.5785 
71 C4.0B22.0A1.0R0.8 3.5967 3.5917 3.5198 
72 C4.0B22.0A1.0R1.0 3.5269 3.4985 3.4116 
73 C4.0B22.0A1.0R1.2 3.8239 3.8201 3.6917 
74 C4.0B22.0A1.0R1.4 3.6741 3.6305 3.5699 
75 C4.0B22.0A1.0R1.6 3.6683 3.6194 3.5635 
76 C4.0B22.0A2.0R0.8 3.6485 3.5980 3.5217 
77 C4.0B22.0A2.0R1.0 3.5501 3.5048 3.4124 
78 C4.0B22.0A2.0R1.2 3.8385 3.8259 3.6759 
79 C4.0B22.0A2.0R1.4 3.6540 3.6268 3.5731 
80 C4.0B22.0A2.0R1.6 3.6488 3.6187 3.5608 
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Table 5.6 (contd.) 
# Slab    
     5.0M/M DL =  1M/M DL =    2M/M DL =  
81 C5.0B10.0A0.5R0.8 3.7183 3.6567 3.6107 
82 C5.0B10.0A0.5R1.0 3.6181 3.5531 3.4905 
83 C5.0B10.0A0.5R1.2 3.8638 3.8599 3.8291 
84 C5.0B10.0A0.5R1.4 3.7363 3.6807 3.6301 
85 C5.0B10.0A0.5R1.6 3.7248 3.6649 3.6272 
86 C5.0B10.0A0.67R0.8 3.7251 3.6339 3.6096 
87 C5.0B10.0A0.67R1.0 3.6253 3.5206 3.4848 
88 C5.0B10.0A0.67R1.2 3.9043 3.8183 3.8214 
89 C5.0B10.0A0.67R1.4 3.7311 3.6600 3.6256 
90 C5.0B10.0A0.67R1.6 3.7321 3.6508 3.6164 
91 C5.0B10.0A1.0R0.8 3.7072 3.6473 3.6051 
92 C5.0B10.0A1.0R1.0 3.6185 3.5334 3.4643 
93 C5.0B10.0A1.0R1.2 3.8938 3.8503 3.8369 
94 C5.0B10.0A1.0R1.4 3.7243 3.6762 3.6162 
95 C5.0B10.0A1.0R1.6 3.7183 3.6599 3.6104 
96 C5.0B10.0A2.0R0.8 3.6913 3.6511 3.6207 
97 C5.0B10.0A2.0R1.0 3.5982 3.5432 3.4655 
98 C5.0B10.0A2.0R1.2 3.8974 3.8416 3.8409 
99 C5.0B10.0A2.0R1.4 3.7187 3.6726 3.6345 
100 C5.0B10.0A2.0R1.6 3.6992 3.6597 3.6304 
101 C5.0B14.0A0.5R0.8 3.7089 3.6571 3.6115 
102 C5.0B14.0A0.5R1.0 3.6064 3.5102 3.4627 
103 C5.0B14.0A0.5R1.2 3.9010 3.8243 3.8165 
104 C5.0B14.0A0.5R1.4 3.7922 3.6602 3.6245 
105 C5.0B14.0A0.5R1.6 3.7888 3.6583 3.6165 
106 C5.0B14.0A0.67R0.8 3.6983 3.6438 3.5838 
107 C5.0B14.0A0.67R1.0 3.6051 3.5437 3.4378 
108 C5.0B14.0A0.67R1.2 3.8911 3.8374 3.8167 
109 C5.0B14.0A0.67R1.4 3.7267 3.6804 3.6118 
110 C5.0B14.0A0.67R1.6 3.7195 3.6698 3.6098 
111 C5.0B14.0A1.0R0.8 3.7089 3.6480 3.6025 
112 C5.0B14.0A1.0R1.0 3.6064 3.5498 3.4591 
113 C5.0B14.0A1.0R1.2 3.8946 3.8403 3.8155 
114 C5.0B14.0A1.0R1.4 3.7322 3.6718 3.6264 
115 C5.0B14.0A1.0R1.6 3.7288 3.6608 3.6214 
116 C5.0B14.0A2.0R0.8 3.7119 3.6605 3.5778 
117 C5.0B14.0A2.0R1.0 3.6157 3.5444 3.4604 
118 C5.0B14.0A2.0R1.2 3.8847 3.8373 3.8209 
119 C5.0B14.0A2.0R1.4 3.7302 3.6805 3.6206 
120 C5.0B14.0A2.0R1.6 3.7226 3.6776 3.6123 
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Table 5.6 Contd. 
# Slab    
     5.0M/M DL =  1M/M DL =    2M/M DL =  
121 C5.0B18.0A0.5R0.8 3.7057 3.6817 3.6105 
122 C5.0B18.0A0.5R1.0 3.6007 3.5329 3.4464 
123 C5.0B18.0A0.5R1.2 3.9094 3.8366 3.8394 
124 C5.0B18.0A0.5R1.4 3.7299 3.7098 3.6193 
125 C5.0B18.0A0.5R1.6 3.7210 3.6991 3.6014 
126 C5.0B18.0A0.67R0.8 3.7250 3.6608 3.5794 
127 C5.0B18.0A0.67R1.0 3.5909 3.5128 3.4663 
128 C5.0B18.0A0.67R1.2 3.9012 3.8298 3.8319 
129 C5.0B18.0A0.67R1.4 3.7393 3.6737 3.6179 
130 C5.0B18.0A0.67R1.6 3.7307 3.6708 3.6076 
131 C5.0B18.0A1.0R0.8 3.6795 3.6147 3.5625 
132 C5.0B18.0A1.0R1.0 3.5965 3.5279 3.4204 
133 C5.0B18.0A1.0R1.2 3.8971 3.8373 3.8174 
134 C5.0B18.0A1.0R1.4 3.7277 3.6579 3.6006 
135 C5.0B18.0A1.0R1.6 3.7182 3.6428 3.5947 
136 C5.0B18.0A2.0R0.8 3.7162 3.6558 3.5693 
137 C5.0B18.0A2.0R1.0 3.6069 3.5435 3.4405 
138 C5.0B18.0A2.0R1.2 3.9057 3.8602 3.8208 
139 C5.0B18.0A2.0R1.4 3.7301 3.6741 3.6251 
140 C5.0B18.0A2.0R1.6 3.7278 3.6698 3.6117 
141 C5.0B22.0A0.5R0.8 3.7281 3.6737 3.5920 
142 C5.0B22.0A0.5R1.0 3.5819 3.5135 3.4261 
143 C5.0B22.0A0.5R1.2 3.9199 3.8461 3.7969 
144 C5.0B22.0A0.5R1.4 3.7475 3.7066 3.6201 
145 C5.0B22.0A0.5R1.6 3.7366 3.6909 3.6192 
146 C5.0B22.0A0.67R0.8 3.7282 3.6642 3.5931 
147 C5.0B22.0A0.67R1.0 3.5912 3.5233 3.4467 
148 C5.0B22.0A0.67R1.2 3.8849 3.8094 3.8092 
149 C5.0B22.0A0.67R1.4 3.7389 3.6798 3.6103 
150 C5.0B22.0A0.67R1.6 3.7261 3.6755 3.6006 
151 C5.0B22.0A1.0R0.8 3.6996 3.6351 3.5834 
152 C5.0B22.0A1.0R1.0 3.5901 3.5018 3.4246 
153 C5.0B22.0A1.0R1.2 3.8790 3.7985 3.8003 
154 C5.0B22.0A1.0R1.4 3.7279 3.6688 3.6122 
155 C5.0B22.0A1.0R1.6 3.7131 3.6537 3.6063 
156 C5.0B22.0A2.0R0.8 3.7218 3.6593 3.5806 
157 C5.0B22.0A2.0R1.0 3.6219 3.5544 3.4683 
158 C5.0B22.0A2.0R1.2 3.8880 3.8360 3.8326 
159 C5.0B22.0A2.0R1.4 3.7406 3.6680 3.6076 
160 C5.0B22.0A2.0R1.6 3.7354 3.6517 3.6018 
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(a) b = 10 in and A = 0.5 (b) b = 10 in and A = 0.67 
f'c  = 4 ksi
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(c) b = 10 in and A = 1.0 (d) b = 10 in and A = 2.0 
f'c  = 4 ksi
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(e) b = 14 in and A = 0.5 (f) b = 14 in and A = 0.67 
Fig. 5.7 Plots of  vs. R ( fbf ρρ / ) for different A and B for beams (fig. contd.) 
 111 
  
f'c  = 4 ksi









0.6 0.8 1 1.2 1.4 1.6 1.8R
 
 
f'c  = 4 ksi









0.6 0.8 1 1.2 1.4 1.6 1.8R
 
 
(g) b = 14 in and A = 1.0 (a) b = 14 in and A = 2.0 
f'c  = 4 ksi
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(i) b = 18 in and A = 0.5 (j) b = 18 in and A = 0.67 
f'c  = 4 ksi
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(k) b = 18 in and A = 1.0 (l) b = 18 in and A = 2.0 
(Fig. 5.7 contd.) 
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(m) b = 22 in and A = 0.5 (n) b = 22 in and A = 0.67 
f'c  = 4 ksi













f'c  = 4 ksi













(o) b = 22 in and A = 1.0 (p) b = 22 in and A = 2.0 
 
 
These plots (5.7 (a) to 5.7 (p)) clearly show that the Reliability index, , for FRP-
RC beams having concrete compressive strength of 4 ksi is lesser than that for 5 ksi 
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(a) R = 0.8 and 'cf = 4 ksi (b) R = 0.8 and 
'
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(c) R = 1.0 and 'cf = 4 ksi (d) R = 1.0 and 
'
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(e) R = 1.2 and 'cf = 4 ksi (f) R = 1.2 and 
'
cf = 5 ksi 
Fig. 5.8 Plots of  vs. B for different R ( fbf ρρ / ) and 
'














5 10 15 20 25


















5 10 15 20 25







(g) R = 1.4 and 'cf = 4 ksi (h) R = 1.4 and 
'
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(i) R = 1.6 and 'cf = 4 ksi (j) R = 1.6 and 
'
cf = 5 ksi 
 
 
Figures 5.8 (a) to 5.8 (j) shown no particular trends for aspect ratios and beam 
widths as seen in Fig. 5.7 for 'cf . Therefore, it can be concluded that the Aspect ratio, A, 
and Beam Width, b, are not one of the major factors that affect the Reliability Index, . 
Table 5.7 lists the average reliability indices for different concrete compressive strengths, 
'
cf  and different FRP reinforcements. Figures 5.9 and 5.10 are the plots of  vs. DL MM / . 
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Table 5.7 Average Reliability Indices for FRP-RC Beams 
'
cf  FRP Reliability Index,  
ksi R/F Ratio 5.0M/M DL =  1M/M DL =  2M/M DL =  
4.0 0.8 3.6473 3.5918 3.5147 
 1.0 3.5499 3.4899 3.4175 
 1.2 3.8556 3.8007 3.6975 
 1.4 3.6859 3.6241 3.5713 
 1.6 3.6806 3.6151 3.5621 
5.0 0.8 3.7109 3.6527 3.5933 
 1.0 3.6046 3.5318 3.4540 
 1.2 3.8947 3.8352 3.8217 
 1.4 3.7359 3.6763 3.6189 


















Fig. 5.9 Plot of  vs. DL MM /  for 
'
cf = 4 ksi for FRP-RC beams 
 
A similar trend is found for FRP-RC beams as found in FRP-RC slabs. As the live 
load increases, the Reliability Index, , decreases due to the higher coefficient of 



















Fig. 5.10 Plot of  vs. DL MM /  for 
'
cf = 5 ksi for FRP-RC beams 
 
5.5 Conclusions 
 FRP-RC members designed using ACI guidelines (ACI 440.1R-05) do not show 
a consistent reliability over a wide range of levels of FRP reinforcement. The Reliability 
Index, , varies over the transition zone for the resistance factor with no clear trend of 
higher or lower  values for each failure mode. Some cases showed  values lower than 
what is currently adopted for most of the code committees.  
The cross-sectional properties such as, member width, member height (for beams) 
or thickness (for slabs) seem to not be a major factor that affects the Reliability Index, . 
The reliability study showed that FRP-RC members with higher concrete 
compressive strength, 'cf , have better reliability than similar members constructed using lower 
'
cf .  
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The expected trend of lower  values for higher LL-to-DL ratios was confirmed by 
this study. However, the decrease in  values for high LL-to-DL ratio is not substantial 






















6 CONCLUSIONS AND RECOMMENDATIONS 
6.1 Summary  
The variabilities inherent in the materials, fabrication, and analysis method are 
investigated to carry out a structural reliability analysis of FRP-RC sections. Coupon test 
data for commercially available FRP bars were obtained and analyzed to determine the 
appropriate statistical distributions and descriptors. Forty FRP-RC slabs (decks) and one 
hundred and sixty FRP-RC beams (girders) are designed to cover a wide range of 
variables (concrete strengths, cross-sectional dimensions and FRP reinforcement ratios) 
and used to develop resistance models for FRP-RC slabs (decks) and beams (girders). 
Monte-Carlo simulations are performed to determine the variabilities in material 
properties and fabrication combined. Experimental data reported in the literature is used 
to quantify the variability inherent in the analysis method. A structural reliability analysis 
is conducted based on the established resistance models and load model (buildings) 
obtained from the literature. The Reliability Index, , is calculated using FORM for all 
FRP-RC slabs and beams for three ratios of live load moment and dead load moment. A 
detailed parametric study is carried out to study the parameters which affect the 
Reliability Index, .  
In summary, this study resulted in the development of resistance models for FRP-
RC bridge decks and girders which can also be used as resistance models for FRP-RC 
slabs and beams respectively. Also, the flexural reliability study on FRP-RC slabs and 
beams yielded parameters that affect the Probability of Failure, fP , in terms of the 
Reliability Index, . These results may be used to enhance the current recommendations 
for resistance factors, φ . 
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6.2 Conclusions 
1. To estimate the nominal moment capacity of FRP-RC member, three analytical 
methods of analysis are studied in this research. Based on a comparison of results 
obtained from these methods and experimental results, it was concluded that the 
Layered Section Analysis (MACS computer program) method is in better 
agreement with experimental results than other two methods. 
2. Statistical analysis of coupon test results for commercially available FRP bars is 
performed in order to find the appropriate statistical distributions and descriptors for 
FRP properties. Chi-Square test showed that the tensile strength of FRP, fuf , can 
be effectively represented by Weibull Distribution (Extreme Event Type III). This 
result confirms the findings of previous research (Okeil et al. 2000) for composite 
laminates.  
3. The uncertainties associated with material properties and fabrication process 
represented by the bias, MFλ , and the coefficient of variation, MFV , are found using 
Monte-Carlo simulations.  
4. The available experimental results on FRP bars are used to statistically describe the 
uncertainty of the analysis model represented as the bias, Pλ , and coefficient of 
variation, PV , which were found to be 1.12, and 15.65% respectively.  
5. The bias, MFλ , and coefficient of variation, MFV , obtained through Monte-Carlo 
simulations have shown a common trend for all FRP-RC slabs and beams. For 
underreinforced sections; i.e. reinforcement ratio, fbf ρρ / , of 0.8, the bias and the 
coefficient of variation is higher than for all other reinforcement ratios. In case of 
underreinforced FRP-RC members, as the failure is governed by FRP rupture, 
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statistical properties of FRP are controlling. Higher bias and coefficient of variation 
for fuf compared to 'cf  result in higher MFλ  and MFV  for FRP-RC underreinforced 
decks.  
6. A Chi-square statistical test (Appendix B) revealed that the statistical distribution 
type which can adequately represent the nominal flexural resistance, MR, depends 
on the reinforcement ratio considered for the FRP-RC member. For undereinforced 
sections (R = 0.8 and 1.0), failure is governed by FRP rupture which is distributed 
as a Weibull distribution, and hence, MR, for all these cases can be represented by 
Weibull distribution. Overreeinforced sections fail by concrete crushing, and hence 
these sections, MR, are well represented by Lognormal distribution. According to 
Chi-Square test results, MR,   of these sections can also be effectively represented by 
Normal distribution which is chosen to represent MR of overreinforced sections.  
7. From parametric studies it is discovered that the cross-sectional properties of FRP-
RC members do not contribute to the bias, MFλ , and coefficient of variation, MFV , 
obtained through Monte-Carlo simulations.  
8. The Reliability index,  calculated for FRP-RC members, which revealed a 
common trend and that is the Reliability Index, , decreases from reinforcement 
ratio of 0.8 to balanced reinforcement ratio (1.0) and then it reaches maximum 
value at reinforcement ratio of 1. 2 and after that again it decreases with increase in 
FRP reinforcement ratio from 1.2 to 1.6. This indicates a non-uniform risk level if 
current guidelines (ACI 440.1R-05) are used for the design of FRP-RC members. 
9. A parametric study conducted on the Reliability Index, , showed that on one hand, 
the cross-sectional parameters such as member width, member thickness or height 
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have no effect on the Reliability Index, . On the other hand, concrete compressive 
strength, 'cf , and the ratio of DL MM /  contribute to . For higher
'
cf , higher  
values are expected, while lower  values are expected for higher DL MM /  ratios.   
6.3 Recommendations 
1. The part of uncertainty due to the analysis method for resistance models for FRP-
RC members can be enhanced by considering more experimental results as they 
become available in the literature. In the present study, nine FRP beam 
experimental results are considered for the determination of Pλ  and PV . More 
experimental results would yield more realistic Pλ  and PV .  
2. With the resistance models now being available through this study for FRP-RC 
decks, the reliability based calibration to be in conformity with AASHTO-LRFD 
(2004) can be conducted by developing load models for FRP-RC decks. Existing 
load models that were used in the calibration of AASHTO-LRFD were developed 
for the analysis of bridges in longitudinal direction. Straining actions in bridge 
decks are caused by a single heaviest axle of the design truck. Therefore, load 
models should be developed in the transverse direction based on a certain 
configuration of a group of axles.  
3. Alternative formulations for resistance factors can now be investigated based on the 
results of this study to yield a uniform risk level over a wide range of variables. 
4. This study focuses exclusively on the flexural behavior of FRP-RC beams and slabs 
and assumes that the other modes of failure such as shear failure and bond failure 
do not control the design. Similar kind of research can be conducted for other 
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APPENDIX A  
GENERAL PROCEDURE FOR GENERATING RANDOM NUMBERS FROM 
ANY ARBITRARY DISTRIBUTION 
 
The Monte-Carlo simulation method is a special technique to generate some 
results numerically without actually doing any physical testing. The probability 
distribution information can be effectively used to generate random numerical data. The 
basis of Monte-Carlo simulations is the generation of random numbers that are uniformly 
distributed between 0 and 1.  
The procedure given below is applicable to any type of distribution function. 
Consider a random variable X  with a CDF ( )XFX . To generate random values ix  for the 
random variable, the following steps should be followed.  
1. Generate a sample value iu  for a uniformly distributed random variable between 
0 and 1.  
2. Calculate a sample value ix  from the following formula: 
      ( )ixi uFx 1−=                                                                                                             
             where, 1−xF  is the inverse of XF . 
Knowing the CDF and basic parameters of the distribution, random numbers can be 








CHI-SQUARE STATISTICAL TEST: “GOODNESS-OF-FIT” TEST 
 
The Chi-Square test is often used to assess the “goodness-of-fit” between an 
obtained set of frequencies in a random sample and what is expected under a given 
statistical hypothesis. To be able to decide which distribution is better for a particular 
random variable, the difference between actual observation values (observed frequencies) 
and theoretical distribution values (theoretical frequencies) is quantified. The steps to be 
followed to determine the probability distribution of a random variable are given below. 
1. Divide the observed data range into equal intervals. 
2. Find the number of observations (Observed Frequency, in ) within each interval 
which do not depend on the distribution type. 
3. Assume different distribution types that will represent the random variable and 
find the theoretical distribution values (Theoretical Frequency, ie ) within each 
interval for the respective distributions. If a random variable, X , lies in an 
interval a to b such that bXa ≤< , then the Theoretical Frequency, ie , for a 
certain distribution type is given by 
      ( ) NbXaPei *≤<=   
      where, N is the total number of observation (data points), and  
      ( ) ( ) ( )aXPbXPbXaP <−≤=≤<       
 The probability of X  less than a or b, ( )aXP <  and ( )bXP ≤  is found using the 
CDF for the respective distribution. The CDF for different distribution types is 
given in Chapter 4 (4.3.3) 
 128 
4. For each interval, compute the difference between in  and ie  (squared) as a ratio 
of ie .  












where, m is the total number of intervals. 
6. Calculate the degree of freedom, f, for Chi-Square test which is given by 
kmf −−= 1                                                                                                      
where, k is the number of parameters required to describe a particular distribution. 
In this study, Normal, Lognormal, Weibull, and Gumbel distribution types are 
used and for all these types k = 2. 
7. The summation evaluated in Step 5 is compared to the Chi-Square distribution 
(refer to page 130 for a certain significance level,α , which is always taken 
















α , then the assumed distribution is fitting statistical data well 
enough. 
Table for fC ,α  values is given on page 132 
Sample Example for FRP-RC slab, C4.0H8.0R1.6 
Total five thousand random data sets were created for Monte-Carlo simulations. 
Therefore, in this case, N = 5000. Total data set was divided in 14 intervals, m = 14. 
Sample Mean = 51.08 kN.m 
Sample Standard Deviation = 19 kN.m 
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Observed frequencies and theoretical frequencies for Normal, Lognormal and Weibull 
distributions are shown in Table B. 
Table B Chi-Square Test for FRP-RC slab C4.0H8.0R1.6 
            Intervals  in                            ie       






       
    MR       MR   Normal Lognormal Weibull Normal Lognormal Weibull 
39.345 - 41.2875 4 7.225 2.911 30.514 1.439 0.407 23.038 
41.2875 - 43.23 40 38.198 25.819 70.271 0.085 7.788 13.040 
43.23 - 45.1725 123 145.036 131.516 153.836 3.348 0.551 6.181 
45.1725 - 47.115 399 395.609 409.875 316.552 0.029 0.289 21.474 
47.115 - 49.0575 783 775.432 825.142 596.586 0.074 2.152 58.248 
49.0575 - 51 1132 1092.451 1124.516 976.947 1.432 0.050 24.609 
51 - 52.9425 1129 1106.337 1080.655 1258.516 0.464 2.163 13.329 
52.9425 - 54.885 744 805.382 758.984 1069.081 4.678 0.296 98.849 
54.885 - 56.8275 408 421.408 402.068 446.924 0.427 0.088 3.390 
56.8275 - 58.77 175 158.453 165.197 58.176 1.728 0.582 234.59 
58.77 - 60.7125 43 42.802 53.963 1.126 0.001 2.227 1557.9 
60.7125 - 62.655 11 8.303 14.327 0.001 0.876 0.773 140967 
Total   5000 5000 5000 5000 14.581 17.365 143035 
 






















for Lognormal distribution = 17.365 < 68.19, =fCα  
Therefore, it is concluded that MR of FRP-RC slab C4.0H8.0R1.6 is well represented by 
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RELIABILITY INDEX CALCULATIONS 
 
Steps given in Chapter 5 (5.3.2) are followed to calculate the Reliability Index, . 
Considering an FRP-RC slab C4.0H4.0R1.2; the statistical properties of variables 
included in the limit state function are tabulated in Table C1. 
Table C1 Statistical Properties for FRP-RC slab C4.0H4.0R1.2 
Variable Nominal MFPλ  Mean MFPV  StDev Distribution 
MR 8.6768 1.1703 10.1544 16.1097 1.6358 Normal 
MD 1.7789 1.0000 1.7789 10.0000 0.1779 Normal 
ML 1.7789 1.0000 1.7789 18.0000 0.3202 Ext Evt I 
 
where,  Nominal MD and ML are calculated using the Eq. 5.27 (Chapter 5). Here the ratio 
of ML and MD is assumed to be 1. Mean and Standard Deviation are obtained through 
Monte-Carlo simulations. MFPλ  and MFPV  are calculated based on Eqs. 4-17 and 4-18 
(Chapter 4) respectively.  
Sample Calculations: 
1. Limit state function formulation,  ( ) ( )LDRLDR MMMMMMg +−=,,  
2. Initial design points, 1544.10* =RM  and 7789.1
* =LM , then using g =0, 
3755.8* =DM  
3. Determine equivalent normal parameters,                                                                   
for ML as an Ext Evt. I distributed,                             










φσ                              
( )( )[ ] 7026.1*1* =Φ−= − LMeMLeM MFM LLL σµ  
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5. Determining partial derivatives of the limit state function with respect to the reduced 

















6. Calculating an estimate of , using                                                 
{ } { }









7. Calculating { }α , using                                                                                      
{ } { }


















8. Determine a new design point for MR and ML, 7725.3)9229.3)(9617.0(* −=−=
RM




9. Determine the corresponding design point values in original coordinates for MR and 








ML ZM σµ  
10. Determine the new value of 8519.1* =DM  using g =0. 
11. Total seven iterations were carried out till the values of  and design points 
converged.  
Table C2 Iterations for calculating  for C4.0H4.0R1.2 
   Design  
e
Xµ   
e
Xσ   { }*iZ   { }G     { }α   *XZ   *X  
   Point             
Initial Step                 
 MR 10.1544 10.1544 1.6358 0.0000 -1.6358  -0.9617 -3.7725 3.9832 
 MD 8.3755 1.7789 0.1779 37.0825 0.1779 3.9229 0.1046 0.4102 1.8519 
 ML 1.7789 1.7026 0.4312 0.1771 0.4312  0.2535 0.9943 2.1313 
Iteration 1                 
 MR 3.9832 10.1544 1.6358 -3.7725 -1.6358  -0.9900 -3.8436 3.8669 
 MD 1.8519 1.7789 0.1779 0.4102 0.1779 3.8823 0.1077 0.4180 1.8533 
 ML 2.1313 1.9606 0.1503 1.1357 0.1503  0.0910 0.3531 2.0137 
Iteration 2                 
 MR 3.8669 10.1544 1.6358 -3.8436 -1.6358  -0.9857 -3.8878 3.7946 
 MD 1.8533 1.7789 0.1779 0.4180 0.1779 3.9444 0.1072 0.4228 1.8541 
 ML 2.0137 1.8293 0.2163 0.8523 0.2163  0.1303 0.5141 1.9405 
Iteration 3                 
 MR 3.7946 10.1544 1.6358 -3.8878 -1.6358  -0.9811 -3.8907 3.7898 
 MD 1.8541 1.7789 0.1779 0.4228 0.1779 3.9659 0.1067 0.4231 1.8542 
 ML 1.9405 1.7627 0.2697 0.6595 0.2697  0.1617 0.6414 1.9356 
Iteration 4                 
 MR 3.7898 10.1544 1.6358 -3.8907 -1.6358  -0.9807 -3.8900 3.7910 
 MD 1.8542 1.7789 0.1779 0.4231 0.1779 3.9666 0.1066 0.4230 1.8542 
 ML 1.9356 1.7588 0.2736 0.6461 0.2736  0.1640 0.6506 1.9368 
Iteration 5                 
 MR 3.7910 10.1544 1.6358 -3.8900 -1.6358  -0.9808 -3.8902 3.7907 
 MD 1.8542 1.7789 0.1779 0.4230 0.1779 3.9665 0.1067 0.4230 1.8542 
 ML 1.9368 1.7598 0.2726 0.6495 0.2726  0.1634 0.6483 1.9365 
Iteration 6                 
 MR 3.7907 10.1544 1.6358 -3.8902 -1.6358  -0.9807 -3.8901 3.7908 
 MD 1.8542 1.7789 0.1779 0.4230 0.1779 3.9665 0.1067 0.4230 1.8542 
 ML 1.9365 1.7595 0.2729 0.6486 0.2729  0.1636 0.6489 1.9366 
Iteration 7                 
 MR 3.7908 10.1544 1.6358 -3.8901 -1.6358  -0.9808 -3.8902 3.7907 
 MD 1.8542 1.7789 0.1779 0.4230 0.1779 3.9665 0.1067 0.4230 1.8542 
 ML 1.9366 1.7596 0.2728 0.6488 0.2728  0.1636 0.6487 1.9366 
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Table C2 lists the values obtained for all iterations. The final value of the Reliability 
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